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DYNAMICALLY EXOTIC CONTACT SPHERES IN DIMENSIONS ≥ 7
MARCELO R.R. ALVES AND MATTHIAS MEIWES
ABSTRACT. We exhibit the first examples of contact structures on S2n−1 with n ≥ 4 and on
S3 × S2, all equipped with their standard smooth structures, for which every Reeb flow has
positive topological entropy. As a new technical tool for the study of the volume growth of Reeb
flows we introduce the notion of algebraic growth of wrapped Floer homology. Its power stems
from its stability under several geometric operations on Liouville domains.
1. INTRODUCTION
On a contact manifold there exists a natural class of flows, the so-called Reeb flows. Although
the dynamics of distinct Reeb flows on the same contact manifold can be very different, there
are dynamical properties which are common to all Reeb flows on a given contact manifold.
For instance, the combined works of Hofer [Hof93] and Taubes [Tau07] imply that on a closed
contact 3-manifold all Reeb flows have at least one periodic orbit. In this paper we construct a
large class of contact manifolds on which all Reeb flows have chaotic dynamics. Surprisingly,
some of the contact manifolds we construct have a very simple topology, which contrasts with
the complicated dynamics of their Reeb flows.
A contact structure is said to have positive entropy if all Reeb flows associated to this contact
structure have positive topological entropy. We show that there exist contact structures with pos-
itive entropy on spheres of dimension ≥ 7 and on S3 × S2. As a consequence we prove that
every manifold of dimension ≥ 7 that admits an exactly fillable contact structure also admits a
(possibly different) contact structure with positive entropy. Our approach to prove these results is
based on wrapped Floer homology and uses in an essential way its product structure. This prod-
uct structure enables us to define the notion of algebraic growth of wrapped Floer homology,
and we relate this growth to the volume growth of Reeb flows. Even though the richer algebraic
structures in Floer homology were studied extensively, so far they lead to only very few applica-
tions in dynamics: the ones we are aware of are Viterbo’s result [Vit99] on the existence of one
closed Reeb orbit on hypersurfaces of restricted contact type in Liouville domains with vanish-
ing symplectic homology, and Ritter’s result [Rit13] on the existence of Reeb chords for exactly
fillable Legendrian submanifolds on Liouville domains with vanishing symplectic homology.
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1.1. Basic notions. An important measure of the complexity of a dynamical system on a man-
ifold M is the topological entropy htop which quantifies in a single number the exponential
complexity of the system. We refer the reader to [HK95] for the definition and basic properties
of htop. By deep results of Yomdin and Newhouse, htop(φ) for a C∞-flow φ = (φt)t∈R equals
the exponential growth rate of volume
v(φ) = sup
N⊂M
v(φ,N), where
(1) v(φ,N) = lim sup
t→∞
logVolng (φ
t(N))
t
.
Here, n = dimN , the supremum is taken over all submanifolds N ⊂ M , and Volng is the n-
dimensional volume with respect to some Riemannian metric g onM .
In this paper we study the topological entropy for Reeb flows of contact manifolds. Recall that
a (co-oriented) contact manifold (Σ, ξ) is a compact odd-dimensional manifold Σ2n−1 equipped
with a contact structure ξ, that is, a hyperplane distribution on Σ which is given by ξ = kerα
for a 1-form α with α ∧ (dα)n−1 6= 0. Such an α is called a contact form on (Σ, ξ), and we can
associate to it the Reeb vector field Xα defined by ιXαdα = 0, α(Xα) = 1. Denote the flow
of Xα, the Reeb flow of α, by φα = (φtα)t∈R. An isotropic submanifold of Σ
2n−1 is one whose
tangent space is contained in ξ; isotropic submanifolds of dimension n−1 are called Legendrian
submanifolds.
1.2. Main results. The main result of this paper is the existence of contact structures with pos-
itive entropy on high dimensional manifolds.
Theorem 1.1.
A) Let S2n−1 be the (2n − 1) - dimensional sphere with its standard smooth structure. For
n ≥ 4 there exists a contact structure on S2n−1 with positive entropy.
B) There exists a contact structure on S3 × S2 with positive entropy.
Recall that a contact manifold is said to be exactly fillable if it is the boundary of a Liouville
domain. From Theorem 1.1 and the methods developed in this paper we obtain the following
more general result.
Theorem 1.2.
♣ If V is a manifold of dimension 2n − 1 ≥ 7 that admits an exactly fillable contact
structure, then V admits a contact structure with positive entropy.
♦ If V is a 5-manifold that admits an exactly fillable contact structure, then the connected
sum V#(S3 × S2) admits a contact structure with positive entropy.
Note that the standard contact structure on spheres as well as the canonical contact structure
on S∗S3 ∼= S3 × S2 have a contact form with periodic Reeb flow. In particular these are not
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diffeomorphic to the contact structures in Theorem 1.1. Other exotic contact spheres have been
constructed by several authors, see [Eli91, Ust99, DG04, McL11]. The contact spheres con-
structed in this paper are, from our perspective, the “most exotic” ones. From the dynamical
point of view they are the most remote from the standard contact spheres since they admit Leg-
endrian submanifolds that have exponential volume growth under every Reeb flow. It would be
interesting to relate our examples of exotic contact spheres to others that were constructed so far.
In order to explain further the relevance of these results we recall what is known about the
topological entropy of Reeb flows. Motivated by results on topological entropy for geodesic
flows (see [Pat99]), combined with the geometric ideas of [FS06], Macarini and Schlenk proved
in [MS11] that for various manifolds Q the unit cotangent bundle (S∗Q, ξ) equipped with the
canonical contact structure ξ has positive entropy1.
In previous works of the first author, different examples of contact 3-manifolds with positive
entropy were discovered. In [Alv16a, Alv16b, Alv17] it was shown that contact 3-manifolds
with positive entropy exist in abundance: there exist hyperbolic contact 3-manifolds with posi-
tive entropy (see also [ACH17]), non-fillable contact 3-manifolds with positive entropy, and even
3-manifolds which admit infinitely many non-diffeomorphic contact structures with positive en-
tropy. This shows that the class of contact manifolds with positive entropy is much larger than
the class of unit cotangent bundles over surfaces with positive entropy, which were studied in
[MS11]. One common feature of all known examples of contact 3-manifolds with positive en-
tropy is that the fundamental group of the underlying smooth 3-manifold has exponential growth.
We expect this to be always the case:
Conjecture 1.3. If a contact 3-manifold (Σ, ξ) has positive entropy, then π1(Σ) grows exponen-
tially.
Already from the unit cotangent bundles of simply connected rationally hyperbolic manifolds,
which were considered in [MS11], we know that Conjecture 1.3 is false in higher dimensions.
However it is natural to ask if there are restrictions on the smooth topology of contact manifolds
with positive entropy in higher dimensions. Theorem 1.1 shows that in contrast to what happens
in dimension three, the phenomenon in higher dimensions is quite flexible from the topological
point of view.
Remark 1.4. Examples of contact manifolds of dimension≥ 9 which have positive entropy and
are not unit cotangent bundles are also constructed using connected sums in an ongoing work of
the first author and Macarini [AM], following an idea of Schlenk. However, these contact mani-
folds have very complicated smooth topology, in the sense that the underlying smooth manifolds
are rationally hyperbolic. For this reason they are much less surprising than the ones obtained in
the present paper.
Let us now explain our approach to establishing these results.
1In a recent work [Dah17] Dahinden extended the results in [MS11] proving that on the unit cotangent bundles
(S∗Q, ξ) studied in [MS11] every positive contactomorphismhas positive topological entropy. It would be interested
to investigate if Dahinden’s result is true for any contact manifold with positive entropy.
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1.3. Symplectic and algebraic growth. To establish our results we introduce the notion of
algebraic growth of wrapped Floer homology. This notion is useful because, on one hand, it
gives a lower bound for the growth rate of wrapped Floer homology defined using its action
filtration and, on the other hand, it is stable under several geometric modifications of Liouville
domains.
The contact manifolds we consider in this paper arise as boundaries of Liouville domains. Re-
call that a Liouville domain M = (Y, ω, λ) is an exact symplectic manifold (Y, ω) with bound-
ary Σ = ∂Y and a primitive λ of ω such that αM := λ|Σ is a contact form on Σ: we let
ξM = kerαM be the contact structure induced by M on Σ. For two exact Lagrangians L0 and
L1 in M that are asymptotically conical, i.e. conical near ∂Y with Legendrian boundaries Λ0
and Λ1 in (Σ, ξM), we consider the wrapped Floer homology of (M,L0, L1) with Z2-coefficients
denoted by HW(M,L0 → L1), whose underlying chain complex is, informally speaking, gen-
erated by Reeb chords from Λ0 to Λ1 and intersections of L0 and L1. We write HW(M,L) for
HW(M,L→ L), see Section 2.2.
Results on positive entropy can be obtained from the exponential symplectic growth of wrapped
Floer homology, which is defined as follows. By considering only critical points below an ac-
tion value a, one obtains the filtered Floer homology HWa(M,L0 → L1). The homologies
HWa(M,L0 → L1) form a natural filtration of HW(M,L0 → L1), and they come with natural
maps ιa : HW
a(M,L0 → L1) → HW(M,L0 → L1) into the (unfiltered) Floer homology. The
exponential symplectic growth rate Γsymp(M,L0 → L1) of HW(M,L0 → L1) is given by
Γsymp(M,L0 → L1) = lim sup
a→∞
log(dim Im ιa)
a
;(2)
see Section 2.2 and Definition 2.16. Since the generators of HW(M,L0 → L1) correspond
essentially to Reeb chords from Λ0 to Λ1, the symplectic growth gives a lower bound on the
growth of Reeb chords with respect to their action. Assuming that Λ1 is a sphere, we adapt the
ideas of the first author in [Alv17] to get lower bounds for the volume growth v(φα,Λ0) in terms
of the exponential symplectic growth rate of HW(M,L0, L1) for every contact form α on ξM .
A topological operation on a Liouville domain M is a recipe for producing a new Liouville
domain N fromM . To obtain examples of contact manifolds with positive entropy we perform
certain topological operations on Liouville domains. The operations we consider are: attaching
symplectic handles on M and, in the case M is the unit disk bundle of a manifold, plumbing
M with the unit disk bundle of another manifold. Although one can understand the change or
invariance of the (unfiltered) wrapped Floer homology under these operations, it is often much
harder or not even possible to understand the effect of these operations on the symplectic growth.
For instance, by an adaptation of a theorem of Cieliebak [Cie02] we show that HW(M ′, L) is
isomorphic toHW(M,L∩M) ifM ′ is obtained by subcritical handle attachment onM (Theorem
6.2). By contrast it is much harder to control the filtered Floer homology under this operation,
see [McL11] for an approach in the case of symplectic homology. In the case of plumbings of
two cotangent bundles the computational results of a relevant part of the unfiltered wrapped Floer
homology obtained by [AS12] do not carry over to the symplectic growth rates of the plumbing.
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To overcome this difficulty we look at a notion of growth that is defined purely in terms the
algebraic structure on wrapped Floer homology, the algebraic growth. Let us explain this briefly.
Let A be a (not necessarily unital) K-algebra with multiplication ⋆ and S ⊂ A a finite set of
elements of A. Given j ≥ 0, let NS(j) = {a ∈ A | a = s1 ⋆ s2 ⋆ · · · ⋆ sj; s1, . . . , sj ∈ S};
i.e.NS(j) is the set of elements of A that can be written as a product of j not necessarily distinct
elements of S. We defineWS(n) ⊂ A to be the smallest K-vector space that contains the union⋃n
j=1NS(j). The exponential algebraic growth rate of the pair (A, S) is defined as
ΓalgS (A) = lim sup
n→∞
1
n
log dimK WS(n) ∈ [0,∞).
In case A = K〈G〉 is the group algebra over a finitely generated group (G = 〈S〉, ⋆), it is
elementary to see that ΓalgS (A) coincides with the exponential algebraic growth of G in the usual
geometric group theoretical sense. Now, induced by the triangle product in Floer homology,
HW(M,L) is equipped with a ring structure ⋆ turning it into a Z2-algebra. Given a finite set
S of HW(M,L) we define (cf. Definition 2.20) ΓalgS (M,L) := Γ
alg
S (HW(M,L)). We say that
HW(M,L) has exponential algebraic growth if there exists a finite subset S of HW(M,L) such
that ΓalgS (M,L) > 0.
Our main motivation for studying the exponential algebraic growth of HW is the following
Proposition 1.5. Let M be a Liouville domain and L be an asymptotically conical exact La-
grangian in it, and assume that HW(M,L) has exponential algebraic growth. Then we have:
A) The Liouville domainM ′ obtained by attaching subcritical handles toM has exponential
algebraic growth of HW. More precisely, if the attachments are made away from L (so
that L survives as an asymptotically conical exact Lagrangian submanifold of M ′) then
HW(M ′, L) has exponential algebraic growth.
B) IfM is the unit disk bundle of a closed orientable manifoldQn whose fundamental group
grows exponentially, andM ′ is obtained by a plumbing whose graph is a tree and one of
the vertices is M , then M ′ has exponential algebraic growth of HW. More precisely, if
Lq is a unit disk fibre in M and the plumbing is done away from Lq then HW(M
′, Lq)
has exponential algebraic growth.
This result essentially says that plumbing and subcritical surgeries are topological operations that
preserve exponential algebraic growth of HW, and will allow us to construct many examples of
Liouville domains which admit asymptotically conical exact Lagrangian disks with exponential
algebraic growth of HW.
The exponential algebraic growth of our examples stems from the algebraic growth of the ho-
mology of the based loop space H∗(ΩQ) equipped with the Pontrjagin product, where Q is a
compact manifold. In fact, we will only use the degree 0 part whose algebraic growth is that of
π1(Q).
Remark 1.6. The exponential algebraic growth of symplectic homology always vanishes since
its product is commutative. Thus our approach is specifically designed for the open string case.
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In order to obtain our main results we will bound the topological entropy of Reeb flows from
below in terms of the algebraic growth of HW(M,L). For that we will use the crucial fact
that the spectral number c : HW(M,L) → R+ defined by c(x) = inf{a ∈ R | x ∈ Im ia} is
subadditive, i.e. c(x⋆y) ≤ c(x)+c(y) for all x, y ∈ HW(M,L). It follows (see Proposition 2.21)
that for any finite S ⊂ HW(M,L) we have
Γsymp(M,L) ≥
1
ρ(S)
ΓalgS (M,L),
where ρ(S) = maxs∈S c(s). By using that HW(M,L → L1) is a module over (HW(M,L), ⋆),
this lower bound can be extended to Γsymp(M,L→ L1) for all L1 that are exact Lagrangian iso-
topic to L, see Lemma 4.3. In other words, exponential algebraic growth of HW(M,L) implies
positive symplectic growth of HW(M,L→ L1). This, combined with ideas from [Alv17], leads
to
Theorem 1.7. Let L be an asymptotically conical exact Lagrangian on a Liouville domainM =
(Y, ω, λ), Σ := ∂Y and αM := λ|Σ. We denote by ξM := kerαM) the contact structure induced
byM on Σ. Assume that there is a finite set S ⊂ HW(M,L) such that ΓalgS (M,L) > 0 and that
Λ = ∂L is a sphere. Then, for every contact form α on (Σ, ξM) the topological entropy of the
Reeb flow φα is positive. Moreover, if fα is the function such that fααM = α then
htop(φα) ≥
ΓalgS (M,L)
ρ(S)max(fα)
.
Our paper is organised as follows. In section 2 we consider the algebraic growth and the growth
of filtered directed systems in general, and then we recall the definition of wrapped Floer homol-
ogy together with its product structure. In section 3 we present the construction of the Viterbo
map and derive some of its properties. Section 4 establishes implications of the growth properties
of HW to topological entropy. In section 5 we recall the computation of the algebra structure
of the Floer homology of unit disk bundles and in section 6 we give a proof of the invariance
of HW under subcritical handle attachment, recollect a result on HW of plumbings and prove
Proposition 1.5. Finally, in section 7, we construct our examples and prove the main theorems.
The Appendix contains a construction of exact Lagrangian cobordisms used in the paper.
Acknowledgement: Most of this work was done when the second author visited the Université
of Neuchâtel supported by the Erasmus mobility program, and the first author visited the Univer-
sität Münster supported by the SFB/TR 191. This work greatly benefited from discussions with
Felix Schlenk and Peter Albers: we thank them for their interest in this work and their many
suggestions. We also thank Lucas Dahinden for carefully reading the manuscript.
2. WRAPPED FLOER HOMOLOGY AND ITS GROWTH
As explained in the introduction, two features of wrapped Floer homology are crucial in this
paper.
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First, its natural filtration by action gives the wrapped Floer homology HW the structure of a
filtered directed system and allows one to define the spectral value of elements of HW. These
give rise to the notion of symplectic growth2 of HW; this is explained in Section 2.2.2.
Second, the product structure of HW gives it the structure of an algebra and gives rise to the
notion of algebraic growth of HW. This is explained in Section 2.3. The link between these
notions is given by the crucial fact that the spectral number is subadditive with respect to the
product structure on HW, see also Section 2.3.
We first recall the relevant algebraic notions and deduce some direct consequences.
2.1. Algebraic growth and growth of filtered directed systems. Fix a field K. We use the
convention that log(0) := 0.
2.1.1. Filtered directed systems and growth.
Definition 2.1. A filtered directed system over R+ = [0,∞) or for short f.d.s. is a pair (V, π)
where
• Vt, t ∈ [0,∞), are finite dimensionalK-vector spaces.
• πs→t : Vs → Vt, for s ≤ t are homomorphisms (persistence homomorphisms), such that
πs→t ◦ πr→s = πr→t for r ≤ s ≤ t, and πt→t = idVt for all t ∈ R+.
Let J be the smallest vector space of
⊕
t∈R+
Vt containing
⋃
s≤t{πs→t(xs)−xs}. The direct limit
lim−→V of V is defined by lim−→V :=
⊕
t∈R+
Vt/J. The inclusions Vt →֒
⊕
t∈R+
Vt induce maps
to lim−→V which we denote by it. The spectral number cV , or just c if the context is clear, of an
element x ∈ lim−→ V is
cV (x) := inf{t ∈ [0,∞) | ∃xt ∈ Vt such that it(xt) = x}.
It is clear from the definition of cV that if x1, .., xn ∈ V and k1, ..., kn ∈ K we have
(3) cV
( n∑
i=1
kixi
)
≤ max
1≤i≤n
cV (xi).
Definition 2.2. Let dVt := dim{x | cV (x) ≤ t}. The exponential growth rate of the f.d.s. V is
Γ˜(V ) := lim sup
t→∞
1
t
log dVt .
We say that V has exponential growth if 0 < Γ˜(V ) <∞.
Definition 2.3. Amorphism between f.d.s. (V, π) and (V
′
, π
′
) is a collection of homomorphisms
f = (ft)t∈[0,∞), ft : Vt → V
′
t , that are compatible with respect to the persistence homomor-
phisms:
(4) ft ◦ πs→t = π
′
s→t ◦ fs.
2This was explicitly observed in [McL15] although it is implicit in [FS06, MS11].
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An asymptotic morphism is a collection of homomorphisms ft : Vt → V
′
t , t ∈ (K,∞), for some
K > 0 such that (4) holds forK < s < t.
Let (V, π) be a f.d.s. and η ≥ 1. We can dilate V by η to a filtered directed system (V (η), π(η))
given by V (η)t = Vηt, π(η)s→t = πηs→ηt. It follows that π gives rise to a canonical morphism
π[η] : V → V (η) by π[η]t = πt→ηt. For a morphism f : V → W we get a dilated morphism
f(η) : V (η)→W (η) by setting f(η)t = fηt.
Definition 2.4. Let (V, πV ) and (W,πW ) be f.d.s. We call them (η1, η2)-interleaved, or inter-
leaved, if there are asymptotic morphisms f : V → W (η1) and g : W → V (η2) for two real
numbers η1, η2 ≥ 1 such that
f(η2) ◦ g = πW [η1η2] and g(η1) ◦ f = πV [η1η2].
The direct limits of interleaved f.d.s. are isomorphic. It is also easy to see the following
Lemma 2.5. Let V andW be (η1, η2)-interleaved for some η1, η2 ≥ 1. Then
Γ˜(V ) ≤ η1Γ˜(W ) and Γ˜(W ) ≤ η2Γ˜(V ).
Remark 2.6. The notion of interleaving comes from the theory of persistence modules (see
[PS16] for applications of persistence modules and interleaving distance in symplectic geome-
try).
2.1.2. Algebras and their algebraic growth.
We recall from the introduction the definition of the algebraic growth of a K-algebra A and a
finite subset S ⊂ A. Given j ≥ 0 let NS(j) = {a ∈ A | a = s1 ⋆ s2 ⋆ · · · ⋆ sj ; s1, . . . , sj ∈ S};
i.e.NS(j) is the set of elements ofA that can be written as a product of j, not necessarily distinct,
elements of S. We defineWS(n) ⊂ A to be the smallest K-vector space that contains the union⋃n
j=1NS(j). The exponential algebraic growth rate of the pair (A, S) is defined as
ΓalgS (A) = lim sup
n→∞
1
n
log dimK W (n) ∈ [0,∞).
We will need the following definition.
Definition 2.7. Let M be a module over an algebra A with scalar multiplication denoted by ∗.
The moduleM is called stretched if there exists an element m0 ∈ M such that for all elements
a 6= 0 ∈ A we have a ∗ m0 6= 0. An element m0 ∈ M satisfying this condition is called a
stretching element.
In the following let V be a filtered directed system and assume that the vector space A = lim−→V
has a K-algebra structure with multiplication ⋆. We do not assume that A is finitely generated.
Furthermore, letW be a filtered directed system, such thatM = lim−→W is a module over A with
multiplication ∗, i.e. a module over (A, ⋆) with scalar multiplication ∗ which is compatible with
theK-vector space structure of A andM .
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Furthermore assume that the spectral numbers cV and cW are subadditive with respect to ⋆ and
∗, i.e.
cV (a ⋆ b) ≤ cV (a) + cV (b), for all a, b ∈ A,(5)
and
cW (a ∗m) ≤ cV (a) + cW (m), for all a ∈ A andm ∈M.(6)
Lemma 2.8. Let V be a f.d.s. such that A = lim−→ V has a K-algebra structure with multiplica-
tion ⋆, and assume that cV is subadditive with respect to ⋆. Then for every finite subset S ⊂ A
we have
Γ˜(V ) ≥
1
ρ(S)
ΓalgS (A),
where ρ(S) = maxx∈S cV (x).
Proof: From the subadditivity of cV with respect to ⋆ it follows that if a = s1 ⋆ s2 ⋆ · · · ⋆ sn,
si ∈ S, we have
cV (a) = cV (s1 ⋆ · · · ⋆ sn) ≤ cV (s1) + · · ·+ cV (sn) ≤ ρ(S)n.
It then follows from (3) thatW (n) ⊂ {x ∈ A | c(x) ≤ ρ(S)n}. We thus conclude that
ΓalgS (A) = lim sup
n→∞
1
n
log dimW (n)
≤ lim sup
n→∞
1
n
log dim{x | c(x) ≤ ρ(S)n} ≤ ρ(S)Γ˜(V ).

Lemma 2.9. Let V and W be f.d.s. and assume that the vector space A = lim−→V has an K-
algebra structure with multiplication ⋆, and that M := lim−→W has the structure of a module
over A with multiplication ∗. Assume that cV and cW are subadditive with respect to ⋆ and ∗,
respectively, and thatM 6= 0 is a stretched module over the algebra A. Then
(7) Γ˜(W ) ≥ Γ˜(V ).
Moreover, for every finite set S ⊂ A we have
(8) Γ˜(W ) ≥
1
ρ(S)
ΓalgS (A).
Proof: Take a stretching element m0 6= 0 in M . We have a ∗ m0 6= b ∗ m0 for a 6= b,
a, b ∈ A. In particular a 7→ a ∗m0 is an injective homomorphism from A to M . Therefore, by
(6), dVt = dim{a ∈ A | cV (a) ≤ t} ≤ dim{m ∈M |cW (m) ≤ t+ cW (m0)} = d
W
t+cW (m0)
, for all
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t > 0. We then get
Γ˜(V ) = lim sup
t→∞
log dVt
t
≤ lim sup
t→∞
log dWt+cW (m0)
t
= lim sup
t→∞
log dWt+cW (m0)
t+ cW (m0)
t+ cW (m0)
t
= Γ˜(W ).
This proves (7). Inequality (8) is obtained by combining (7) with Lemma 2.8. 
In order to get results on entropy, we will need the following notions.
Definition 2.10. LetW = W (i)i∈I be a family of f.d.s. with direct limitsM(i) that are modules
over A := lim−→ V . We say that the familyM(i)i∈I is uniformly stretched if there exists a constant
B ≥ 0 such that for every i ∈ I there exists a stretching elementmi ∈M(i)with cM(i)(mi) ≤ B.
Definition 2.11. LetW = W (i)i∈I be a family of filtered directed systems. The uniform expo-
nential growth rate ofW is
Γ˜i∈I(W) := lim sup
t→∞
1
t
log
(
inf
I
d
W (i)
t
)
.
Lemma 2.12. Let V be a f.d.s. such that A = lim−→ V has a K-algebra structure with multi-
plication ⋆. Let W = W (i)i∈I be a family of f.d.s. such that for every i ∈ I the direct limit
M(i) = lim−→W (i) is a module over A with multiplication ∗(i). Assume that cV is subadditive
with respect to ⋆, that cW (i) is subadditive with respect to ∗(i) for every i ∈ I , and that the family
M(i)i∈I is uniformly stretched over the algebra A. Then
(9) Γ˜i∈I(W) ≥ Γ˜(V ).
Proof: Since M(i)i∈I is uniformly stretched there exists B > 0 such that for every i ∈ I ,
we can find a stretching element mi ∈ M(i) with cM(i)(mi) ≤ B. Hence we have by (6) that
dVt ≤ infI d
W (i)
t+B and the result is obtained as in the proof of Lemma 2.9. 
2.2. Wrapped Floer homology. In the following we give the definition and conventions for
wrapped Floer homology used in this paper. This Floer type homology theory appeared in
[AS06] for contangent bundles, and the case of general Liouville domains can be found in
[AS10b]. We refer to these papers and [Rit13, Section 4] for more details.
2.2.1. Liouville domains and Lagrangians. A Liouville domainM = (Y, ω, λ) is an exact sym-
plectic manifold (Y, ω) with boundary Σ = ∂Y and a primitive λ of ω such that αM = λ|Σ is
a contact form on Σ. The Liouville vector field X, is given by iXω = λ and points outwards
along Σ. Using the flow of X, one can attach an infinite cone to M along Σ that gives the com-
pletion M̂ :=
(
Ŷ , ω̂, λ̂
)
of M with Ŷ = Y ∪Σ ([1,∞)× Σ), λ̂|Y = λ, λ̂|[1,∞)×Σ = rαM , and
ω̂ = dλ̂.
DYNAMICALLY EXOTIC CONTACT SPHERES IN DIMENSIONS ≥ 7 11
Remark 2.13. In order to simplify notation, we will usually write M and M̂ instead of Y and
Ŷ , respectively, as the domain of Hamiltonian functions or the target space of Floer trajectories.
This does not cause any confusion since the smooth manifolds Y and Ŷ are part of the data
definingM and M̂ , respectively. Similarly, when we write Σ = ∂M it should be understood as
Σ = ∂Y .
Let f : ∂Y → (0,∞) be a smooth function. Let Yf = Ŷ \ {(r, x) | r > f(x), x ∈ ∂Y }. It
is easy to see that Mf = (Yf , ω̂|Yf , λ̂|Yf ) is a Liouville domain. For example, given δ > 0 we
denote by M1+δ the Liouville domain (Y1+δ, ω1+δ, λ1+δ) embedded in M̂ defined by Y1+δ =
Y ∪Σ ([1, 1 + δ]× Σ), ω1+δ = ω̂|Y1+δ , λ1+δ = λ̂|Y1+δ .
In our paper we only consider Liouville domains that have vanishing first chern class c1(M) ⊂
H2(M ;Z).
We consider Lagrangians (L, ∂L) in (M,Σ) that are exact, i.e. λ|L = df , and that satisfy
Λ = ∂L is a Legendrian submanifold in (Σ, ξM),
L ∩ [1− ǫ, 1]× Σ = [1− ǫ, 1]× Λ for a sufficiently small ǫ > 0.
(10)
We will call a Lagrangian that satisfies (10) asymptotically conical. We can extend it naturally
to an exact Lagrangian L̂ = L∪Λ ([1,∞)×Λ) in M̂ . We will refer to a Lagrangian in M̂ of this
form also as asymptotically conical (with respect toM). More generally, given a subset U ⊂ M̂
we say that L is conical in U if the Liouville vector field is tangent to L ∩ int(U) in the interior
int(U) of U .
2.2.2. Wrapped Floer homology. For two asymptotically conical exact Lagrangians L0 and L1
inM denote by PL0→L1 = {γ : [0, 1]→ M̂ | γ(0) ∈ L̂0, γ(1) ∈ L̂1} the space of (smooth) paths
from L̂0 to L̂1.
Denote by XαM the Reeb vector field on the boundary (Σ, ξM = kerαM). A Reeb chord of
length T of αM from Λ0 = ∂L0 to Λ1 = ∂L1 is a map γ : [0, T ] → Σ with γ˙(t) = XαM (γ(t))
with γ(0) ∈ Λ0 and γ(T ) ∈ Λ1. Denote the set of Reeb chords of length < T by T TΛ0→Λ1(αM),
and the set of all Reeb chords by TΛ0→Λ1(αM). The Reeb chord γ of length T of αM from Λ0 to
Λ1 is said to be transverse if the subspaces Tγ(1)(φTXαM (Λ0)) and Tγ(1)Λ1 of Tγ(1)Σ intersect at
only one point. The spectrum of the triple (M,L0 → L1), denoted by S(M,L0 → L1), is the set
of lengths of Reeb chords from Λ0 to Λ1 in Σ. It is a nowhere dense set in [0,∞).
Given a contact form α on (Σ, ξM) and a pair of Legendrian submanifolds (Λ0,Λ1) on (Σ, ξM),
we say that the triple (α,Λ0 → Λ1) is regular if all Reeb chords of α fromΛ0 toΛ1 are transverse.
We say that (M,L0 → L1) is regular if (λΣ,Λ0 → Λ1) is regular and L0 and L1 intersect
transversely.
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From now on, we assume that for the contact form αM induced by M on (Σ, ξM) the triple
(αM ,Λ0 → Λ1) is regular.
An autonomous HamiltoniansH : M̂ → R is called admissible if
• H < 0 onM ,
• and there exist constants µ > 0 and b ≤ −µ such that H(x, r) = h(r) = µr + b on
[1,∞)× ∂M .
If H : M̂ → R is admissible and satisfies H(x, r) = µr + b on [1,∞)× ∂M we say that H is
admissible with slope µ (at infinity).
Define the action functionalAL0→L1H = AH : PL0→L1 → R by
AH(γ) = f0(x(0))− f1(x(1)) +
∫ 1
0
γ∗λ−
∫ 1
0
H(γ(t))dt,
where f0 and f1 are functions on L0 and L1 respectively with dfi = λ|L̂i, i = 0, 1. The critical
points of AH are Hamiltonian chords from L̂0 to L̂1 that reach L̂1 at time 1. We define
TL0→L1(H) := CritAH = {γ ∈ PL0→L1 | γ˙(t) = XH(γ(t))},
and write TL(H) instead of TL→L(H). Here XH is the Hamiltonian vector field defined by
ω(XH, ·) = −dH . We call an admissible Hamiltonian non-degenerate for L0 → L1 if all
elements in TL0→L1(H) are non-degenerate, i.e. φ
1
XH
(L̂0) is transverse to L̂1. Such a Hamiltonian
must have slope µ /∈ S(M,L0 → L1). Note that every admissible Hamiltonian can be made non-
degenerate for L0 → L1 after a generic perturbation ([AS10b, Lemma 8.1]). We denote by
(11) Hreg(M,L0 → L1)
the set of admissible Hamiltonians which are non-degenerate for L0 → L1. For a Hamiltonian
H ∈ Hreg(M,L0 → L1) all elements in TL0→L1(H) have their image contained inM .
For admissible Hamiltonians H with slope µ /∈ S that are constant inM away from the bound-
ary, depend on r and increase sharply near ∂M , TL0→L1(H) corresponds to T
µ
Λ0→Λ1
(αM) and
intersection points of L0 and L1 inM . If (M,L0 → L1) is regular, such Hamiltonians belong to
the setHreg(M,L0 → L1).
If (αM ,Λ0 → Λ1) is regular but (M,L0 → L1) is not, we can take H ∈ Hreg(M,L0 → L1)
to be a C2-small negative function away from the boundary ofM , and to depend only on r and
increase sharply near ∂M . Then, TL0→L1(H) will correspond to T
µ
Λ0→Λ1
(αM) and intersection
points of L0 and L1 inM that are not destroyed by the Hamiltonian flow of H .
An almost complex structure J on ((0,∞)× ∂M, λ = rαM) is called cylindrical if it preserves
ξM = kerαM , if J |ξM is independent of r and compatible with d(rαM)|ξM , and if JXαM = r∂r.
In the following we take almost complex structures J on M̂ that are asymptotically cylindrical,
i.e. cylindrical on [r,∞) × ∂M for some r > 1. The L2-gradient of the action functional with
DYNAMICALLY EXOTIC CONTACT SPHERES IN DIMENSIONS ≥ 7 13
respect to the Riemannian metric given by dλ(J ·, ·) = g(·, ·) is given by
∇AH(γ) = −J(γ) (∂tγ −XH(γ)) ,
and we interpret the negative gradient flow lines as Floer strips
u : R× [0, 1]→ M̂,
∂J,H(u) = ∂su+ J(u)(∂tu−XH(u)) = 0,
u(·, 0) ∈ L̂0, and u(·, 1) ∈ L̂1.
(12)
We define the moduli space of parametrized Floer strips connecting two critical points x and y
of AH
M˜(x, y,H, J) = {u : R× [0, 1]→ M̂ | u satisfies (12) , lim
s→−∞
= x and lim
s→+∞
= y}.(13)
There is a naturalR-action onM(x, y,H, J) coming from the translations in the domain. Letting
M˜1(x, y,H, J) be the set of elements of M˜(x, y,H, J) that have Fredholm index 1 we write
M0(x, y,H, J) := M˜1(x, y,H, J)/R.(14)
where the quotient is taken with respect to the R-action mentioned above.The energy of an
element u is
E(u) :=
∫ ∞
−∞
|∇AH|
2
L2 ds = AH(x)−AH(y).
For a generic J and non-degenerate admissibleH define the wrapped Floer chain complex
CW(H,L0 → L1) =
⊕
x∈Crit (AH )
Z2 · x,
with differential ∂ : CW(H,L0 → L1)→ CW(H,L0 → L1) given by
∂(x) =
∑
y∈Crit (AH )
#
Z2M
0(x, y,H, J) · y.
For generic J the differential is well-defined and moreover ∂2 = 0. For simplicity we will write
CW(H) instead of CW(H,L0 → L1) when there is no possibility of confusion. In this paper
we are not concerned with gradings in CW. The homology of (CW(H,L0 → L1), ∂) is called
the wrapped Floer homology of (H,L0 → L1) and is denoted by HW(H ;L0 → L1), or in short
HW(H).
Next we consider continuation maps. Let H− and H+ be non-degenerate admissible Hamilto-
nians with H+(x) ≥ H−(x) for all x ∈ M̂ , in short H+ ≻ H−. Take an increasing homotopy
through admissible Hamiltonians (Hs)s∈R, ∂sHs ≥ 0, withHs = H± near ±∞. For elements in
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M0(x−, x+, Hs, J), i.e. Floer strips
u : R× [0, 1]→ M̂,
∂J,Hs(u) := ∂su+ J(∂tu−XHs(u)) = 0,
lim
s→±∞
u(s, t) = x±,
u(·, 0) ∈ L̂0, and u(·, 1) ∈ L̂1,
(15)
with Fredholm index 0 connecting x− ∈ Crit (AH−) and x+ ∈ Crit (AH+), the action difference
is
AH−(x−)−AH+(x+) = E(u) +
∫
R×[0,1]
∂sHs(u).
Hence the action decreases under the continuation maps
ιH−,H+ : CW(H−)→ CW(H+),
given by
ιH−,H+(x−) =
∑
x+Crit (AH+ )
#
Z2M
0(x−, x+, Hs, J) · x+.
Define the wrapped Floer homology HW(M,L0 → L1) := lim−→HHW(H ;L0 → L1), where the
direct limit is taken over all H ∈ Hreg(M,L0 → L1).
Definition 2.14. The homology HW(M,L0 → L1) is the direct limit of the filtered directed
system H˜W(M,L0 → L1) = (HW
a(M,L0 → L1))a∈(0,∞). Here
HWa(M,L0 → L1) := lim−→HHW
a(H ;L0 → L1),
whereHWa(H ;L0 → L1) is the homology of the Floer chain complex restricted to critical points
of action less than a. The persistence maps ιa→b : HW
a(M,L0 → L1) → HW
b(M,L0 → L1)
are induced by the natural maps HWa(H,L0 → L1) → HW
b(H,L0 → L1) that come from
inclusions. We write ιa : HW
a(M,L0 → L1) → HW(M,L0 → L1) for the induced map from
HWa(M,L0 → L1) to the direct limit HW(M,L0 → L1).
Let H ′ ≥ H be Hamiltonians in Hreg(M,L0 → L1) and b ≥ a. Let ι
H,H′
a→b : HW
a(H,L0 →
L1) → HW
b(H ′, L0 → L1) by the continuation map induced by any non-decreasing homotopy
from H toH ′. In case b = +∞ we write ιH,H
′
a : HW
a(H,L0 → L1)→ HW(H
′, L0 → L1).
Remark 2.15. Notice that ιH,Ha→b is the map induced by the chain level inclusion CW
a(H,L0 →
L1) →֒ CW
b(H,L0 → L1). For this reason we will also denote this inclusion also by ι
H,H
a→b :
CWa(H,L0 → L1) →֒ CW
b(H,L0 → L1).
By the construction of H˜W(M,L0 → L1) presented above we have for every number a ≥ 0 and
HamiltonianH ∈ Hreg(M,L0 → L1) a map
(16) χHa→a : HW
a(H,L0 → L1)→ HW
a(M,L0 → L1).
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This allows us to define for every Hamiltonian H ∈ Hreg(M,L0 → L1) and numbers b ≥ a the
map
χHa→b := ιa→b ◦ χ
H
a→a = HW
a(H,L0 → L1)→ HW
b(M,L0 → L1).
Using functoriality properties of continuation maps it is straightforward to check that
χHa→b = χ
H
b→b ◦ ι
H,H
a→b .
For simplicity, in the case b = +∞ we write
χHa = ιa ◦ χ
H
a→a : HW
a(H,L0 → L1)→ HW(M,L0 → L1).
For each H ∈ Hreg(M,L0 → L1) we also have a map
χH : HW(H,L0 → L1)→ HW(M,L0 → L1).
To define it, we first notice that since TL0→L1(H) is a finite set we can choose a number aH >
maxx∈TL0→L1 (H){A(x)}. For this choice of aH the chain complexes (CW(H,L0 → L1), ∂) and
(CWaH (H,L0 → L1), ∂) are identical, and we get HW(H,L0 → L1) = HW
aH (H,L0 → L1).
We then define χH := χHaH . It is an elementary exercise to check that the definition of χ
H does
not depend on the choice of aH > maxx∈TL0→L1(H){A(x)}. In the same way we can construct
for each b > maxx∈TL0→L1 (H){A(x)} a map
χH→b : HW(H,L0 → L1)→ HW
b(M,L0 → L1).
These maps are useful for the study of spectral numbers done in the next section. We will need
the identity
(17) χHa = χ
H′ ◦ ιH,H
′
a ,
which is established in an elementary way from the functoriality properties of continuation maps.
In particular, we have
(18) χH = χH
′
◦ ιH,H
′
,
and
(19) χHa = χ
H ◦ ιH,Ha .
We will now define the symplectic growth rate of HW.
Definition 2.16. The exponential symplectic growth rate Γsymp(M,L0 → L1) is defined by
(20) Γsymp(M,L0 → L1) := lim sup
a→∞
log(dim Im ιa)
a
= Γ˜(H˜W(M,L0 → L1)).
Analogously, given a family (Li)i∈I of asymptotically conical exact Lagrangians inM we define
Γsympi∈I (M,L0 → Li) := Γ˜i∈I(H˜W(M,L0 → Li)i∈I), where Γ˜i∈I(H˜W(M,L0 → Li)i∈I) is
defined as in Definition 2.11.
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2.2.3. Spectral numbers in HW.
Definition 2.17. As HW(M,L0 → L1) is the direct limit of the the f.d.s. H˜W(M,L0 → L1),
we define the spectral number c of elements of HW(M,L0 → L1) via the recipe given in Sec-
tion 2.1.2.
We now present an equivalent definition of cwhich is more geometrical. GivenH ∈ Hreg(M,L0 →
L1), and a cycle w ∈ CW(H,L0 → L1) we denote by [w] ∈ HW(H,L0 → L1) the homology
class of w in HW(H,L0 → L1). The cycle w can be expressed in a unique way as a sum of
elements of TL0→L1(H) and we denote by A(w) the maximum of the actions of these elements.
If w′ ∈ CWa(H,L0 → L1), then it can be expressed in a unique way as a sum of elements in
T aL0→L1(H). This expression is identical to the one of ι
H,H
a (w
′), from what we conclude
(21) A(ιH,Ha (w
′)) < a for all w′ ∈ CWa(H,L0 → L1).
The right hand side in the following identity is often taken as the definition of the spectral num-
ber c(h).
Lemma 2.18. For a homology class h ∈ HW(M,L0 → L1) we have
(22) c(h) = inf
H∈Hreg(M,L0→L1)
{A(w) | w ∈ CW(H,L0 → L1) is a cycle with χ
H([w]) = h}.
Proof: Let H ∈ Hreg(M,L0 → L1) and w ∈ CW(H,L0 → L1) be a cycle with χH([w]) = h.
For each a > A(w) we know that there exists a cycle w′ ∈ CWa(H,L0 → L1) such that
ιH,Ha (w
′) = w. Using (19) we obtain
χHa ([w
′]) = χH ◦ ιH,Ha ([w
′]) = χH([w]) = h.
This implies that h is in the image of χHa and thus in the image of ιa, from what we get c(h) ≤ a.
Since this is valid for each a > A(w) we obtain that c(h) ≤ A(w), and it follows that
(23) c(h) ≤ inf
H∈Hreg(M,L0→L1)
{A(w) | w ∈ CW(H,L0 → L1) is a cycle with χ
H([w]) = h}.
To obtain the reverse inequality let a > c(h). Then there exists β ∈ HWa(M,L0 → L1)
such that ιa(β) = h. By the construction of HW
a(M,L0 → L1) we know that there exists
H ∈ Hreg(M,L0 → L1) and a cycle w′ ∈ CW
a(H,L0 → L1) such that χHa→a([w
′]) = β. It
follows that
χHa ([w
′]) = ιa ◦ χ
H
a→a([w
′]) = ιa(β) = h.
Let w := ιH,Ha (w
′). By the observation we made before the lemma we have A(w) < a. Using
(19) we obtain
χH([w]) = χH(ιH,Ha ([w
′]) = χHa ([w
′]) = h.
We have shown that for each a > c(h) there exists H ∈ Hreg(M,L0 → L1) and a cycle w ∈
CW(H,L0 → L1) such that A(w) < a and χH([w]) = h. It follows that
(24) c(h) ≥ inf
H∈Hreg(M,L0→L1)
{A(w) | w ∈ CW(H,L0 → L1) is a cycle with χ
H([w]) = h}.

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2.2.4. A special type of Hamiltonians. Given an admissible HamiltonianH inM and a number
a > 0 we write H ≺ a if the slope of H is < a. We first define
(25) K(M,L0 → L1) := max{max{f0(x)− f1(x) | x ∈ L0 ∩ L1}, 0}.
For a > K(M,L0 → L1) a careful choice of a cofinal family of Hamiltonians shows that
HWa(M,L0 → L1) is isomorphic to lim−→H≺aHW(H ;L0 → L1), where the direct limit is taken
only over all non-degenerate admissibleH with slope less than a.
To explain this we first take a collar neighbourhoodV = ([1− δ, 1]×Σ) ⊂M of ∂M on which
L0 and L1 are conical, and λ is given by rαM . Since a > K(M,L0 → L1) we can choose
K(M,L0 → L1) < µ < a, such that there is no element in TΛ0→Λ1(αM) with length in the
interval [µ, a). We now choose an admissible HamiltonianHµ in M̂ with slope µ such that
• Hµ is a negative constant −k inM \V, with k small,
• Hµ depends only on r in V, and is a convex function of r that increases sharply close to
∂M .
If k is small enough, and Hµ increases sharply enough close to ∂M then we have
 the action of all elements of TL0→L1(H
µ) have action < a;
see for example [Rit13, Lemma 9.8].
If (M,L0 → L1) is regular thenHµ ∈ Hreg(M,L0 → L1). In this case we have
(26) the set TL0→L1(H
µ) is in bijective correspondence with T aΛ0→Λ1(αM) ∪ (L0 ∩ L1).
In case (αM ,Λ0 → L1) is regular but (M,L0 → L1) is not, we can make a C∞-small pertur-
bation of Hµ insideM that still satisfies  and is in Hreg(M,L0 → L1); for simplicity we still
denote this perturbation by Hµ. In both cases, the reasoning used to prove [Vit99, Lemma 1.5]
gives
(27) χH
µ
a : HW(H
µ, L0 → L1)→ HW
a(M,L0 → L1) is an isomorphism.
It follows that for a > K(M,L0 → L1) we have
(28) HWa(M,L0 → L1) ∼= lim−→H≺aHW(H ;L0 → L1)
2.3. Algebra and module structures on wrapped Floer homology.
2.3.1. Algebra structure in HW. Let L be an exact asymptotically conical Lagrangian on a Li-
ouville domain M . We endow M with an asymptotically cylindrical almost complex structure
as in Section 2.2. We recall the definition of the triangle product in the wrapped Floer homology
HW(M,L), and follow the conventions of [AS10a].
We first define the triangle∆. One first takes the disjoint unionR×[−1, 0]∪R×[0, 1]. We identify
the points (s, 0−) ∈ R× [−1, 0] and (s, 0+) ∈ R× [0, 1] for all s ≥ 0, and denote the resulting
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space by ∆. Let psing be the point in ∆ which comes from the points (0, 0−) ∈ R × [−1, 0] and
(0, 0+) ∈ R× [0, 1].
The interior of∆ coincides with (R×(−1, 1))\((−∞, 0]×{0}). As (R×(−1, 1))\((−∞, 0]×
{0}) is a subset ofCwe can restrict the complex structure ofC to (R×(−1, 1))\((−∞, 0]×{0}).
We then obtain a complex structure j in the interior of ∆. This extends to a complex structure
on∆ \ psing. Using again that the interior of∆ coincides with (R× (−1, 1)) \ ((−∞, 0]× {0}),
we can define global coordinates (s, t) on ∆ \ psing.
For an admissible Hamiltonian H on M̂ , the solutions of the Floer equation on ∆ are maps
u : ∆→ M̂ that satisfy
(29) ∂J,H(u) := ∂su+ J(u)(∂tu−XH(t, u)) = 0.
We write Ĥ = 2H ∈ C∞(M).
Given x1, x2 ∈ TL(H) and y ∈ TL(Ĥ) we letM(x1, x2; y, L, J) be the space of maps u : ∆ →
M̂ that satisfy ∂J,H(u) = 0 and such that u(z) ∈ L for all z ∈ ∂(∆), lims→−∞ u(s, t−1) = x1(t)
for t ∈ [0, 1], lims→−∞ u(s, t) = x2(t) for t ∈ [0, 1], and lims→+∞ u(s, 2t − 1) = y(t) for
t ∈ [0, 1]. Define n(x1, x2; y) as the number of elements of M(x1, x2; y, L, J) which have
Fredholm index 0. If the moduli spaces M(x1, x2; y, L, J) are transversely cut out, something
that can be achieved by perturbingH and J , the numbers n(x1, x2; y) are always finite.
Define ΥL : CW(H,L)⊗ CW(H,L)→ CW(Ĥ, L) by
(30) ΥL(x1, x2) =
∑
y∈TL(Ĥ)
(n(x1, x2; y) mod 2)y
for x1, x2 ∈ TL(H), and extending it linearly to CW(H,L) ⊗ CW(H,L). It is proved in
[AS10a] that ΥL descends to a map HΥL : HW(H,L) ⊗ HW(H,L) → HW(Ĥ, L), that en-
dows HW(H,L) with a product which we denote by ⋆. It is compatible with the continuation
maps, as follows by the results in [Sch, Chapter 5], and passing to the direct limit HΥL endows
HW(M,L) with a product. For homology classes h, h′ ∈ HW(M,L) we will also denote their
product by h ⋆ h′. The product ⋆ is associative: the proof is identical to the proof in [Sch] that
the pair of pants product in Floer homology is associative. As ⋆ is distributive with respect to
the vector space structure of HW(M,L) it gives HW(M,L) the structure of a ring. Since we
defined HW(M,L) with coefficients in Z2 the product ⋆ actually endows HW(M,L) with the
structure of an algebra.
It was proved in [AS10a] that in the case where M = T ∗Q of a compact manifold Q and
L = TqQ for some point q ∈ Q, the triangle product coincides with the Pontrjagin product.
An important property of the triangle product is given by
Lemma 2.19. The spectral numbers c of HW(M,L) are subadditive with respect to ⋆.
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Proof: We will need the triangle inequality
(31) A
Ĥ
(y) ≤ AH(x1) +AH(x2),
that must be satisfied by the actions of x1, x2 ∈ TL(H) and y ∈ TL(Ĥ) if the moduli space
M(x1, x2; y, L, J) 6= ∅ (see [AS10a, Formula 3.18]).
Let h1, h2 ∈ HW(M,L). Given δ > 0, we know from Lemma 2.18 that there exits Hamiltonians
H1, H2 ∈ Hreg(M,L) and cycles w′i ∈ CW(Hi, L) such that
χHi([w′i]) = hi and A(w
′
i) < c(hi) +
δ
2
for i = 1, 2. Let now H ∈ Hreg(M,L) such that H ≥ H1 and H ≥ H2. We define wi :=
ιHi,H(w′i) for i = 1, 2. Since the action decreases under the continuation maps ι
Hi,H we have
A(wi) < c(hi) +
δ
2
, and using (18) we obtain
χH([wi]) = χ
H(ιHi,H([w′i])) = χ
Hi([w′i]) = hi,
for i = 1, 2. By (31) we haveA(ΥL(w1⊗w2)) ≤ c(h1)+c(h2)+δ. By definition [ΥL(w1⊗w2)] =
[w1] ⋆ [w2], and by our construction of ⋆ in HW(M,L) we have
χĤ([w1] ⋆ [w2]) = χ
H([w1]) ⋆ χ
H([w2]) = h1 ⋆ h2.
It then follows from Lemma 2.18 that c(h1 ⋆ h2) ≤ A(ΥL(w1 ⊗ w2)) ≤ c(h1) + c(h2) + δ.
Summing up, we have shown that for any δ > 0 we have c(h1 ⋆ h2) < c(h1) + c(h2) + δ, which
implies
(32) c(h1 ⋆ h2) ≤ c(h1) + c(h2).

We are ready to define the algebraic growth of HW.
Definition 2.20. Let S be a finite set of elements of HW(M,L). We define
(33) ΓalgS (M,L) := Γ
alg
S (HW(M,L)).
Combining Lemma 2.8 and Lemma 2.19 we obtain:
Proposition 2.21. For every finite set S of HW(M,L) we have
(34) Γsymp(M,L) ≥
ΓalgS (M,L)
ρ(S)
.
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2.3.2. HW(M,L→ L′) as a module over HW(M,L). We start by picking two exact asymptot-
ically conical Lagrangians L and L′ on (M,ω, λ). The boundary ∂(∆) contains three connected
components: the component Dleft which is equal to R× {−1}, the component Dmid which con-
tains the singular point, and the component Dright which is equal to R× {1}.
Let x ∈ TL(H), z ∈ TL→L′(H) and z˜ ∈ TL→L′(H). We let M(x; z, z˜, J,H) be the moduli
space of maps u : ∆ → M̂ which satisfy (12) and such that u(Dleft) ⊂ L, u(Dmid) ⊂ L,
u(Dright) ⊂ L
′, and lims→−∞ u(s, t − 1) = x(t) for t ∈ [0, 1], lims→−∞ u(s, t) = z(t) for
t ∈ [0, 1], and lims→+∞ u(s, 2t − 1) = z˜(t) for t ∈ [0, 1]. Let n(x; z, z˜) be the number of
elements inM(x; z, z˜, J,H) that have Fredholm index 0. For non-degenerate H and a generic
choice of J , all the spacesM(x; z, z˜, J,H) are transversely cut out, and therefore the numbers
n(x; z, z˜) are all finite.
We then define a map ΘL,L′ : CW(H ;L)⊗ CW(H ;L→ L′)→ CW(Ĥ;L→ L′) by letting
(35) ΘL,L′(x⊗ z) =
∑
z˜∈TL→L′(H)
(n(x; z, z˜) mod 2)z˜,
for x ∈ TL(H), z ∈ TL→L′(H) , and extending it linearly to CW(H ;L)⊗ CW(H ;L→ L′).
The mapΘL,L′ descends to a mapHΘL,L′ : HW(H ;L)⊗HW(H ;L→ L′)→ HW(Ĥ;L→ L′).
The proof is again identical to the one used in [Sch] to show that the pair of pants product
descends to the Floer homology. Taking direct limits we obtain a productHΘL,L′ : HW(M,L)⊗
HW(M,L→ L′)→ HW(M,L→ L′). We will use the notationHΘL,L′(h,m) = h ∗m.
In order to conclude that HW(M ;L → L′) is a module over the algebra HW(M ;L) we must
prove that:
h ∗ (m1+m2) = h ∗m1+ h ∗m2 for all h ∈ HW(H ;L) and m1,m2 ∈ HW(H ;L→ L′),
(h1 + h2) ∗m = h1 ∗m+ h2 ∗m for all h1, h2 ∈ HW(H ;L) and m ∈ HW(H ;L→ L′),
(h1 ⋆ h2) ∗m = h1 ∗ (h1 ∗m) for all h1, h2 ∈ HW(H ;L) and m ∈ HW(H ;L→ L′).
The first two properties follow from the linearity ofHΘL,L′. The proof of the third one is a cobor-
dism argument identical to the of [Sch, Chapter 5] that proves the associativity the associativity
of the triangle product ⋆. An argument identical to one used to prove Lemma 2.19 gives
Lemma 2.22. The spectral numbers c are subadditive with respect to ∗.
3. VITERBO FUNCTORIALITY
The Viterbo transfer map on HW will be described. As first applications we then deduce in-
variance properties under a graphical change of the boundary of the Liouville domain in the
completion.
DYNAMICALLY EXOTIC CONTACT SPHERES IN DIMENSIONS ≥ 7 21
3.1. The Viterbo transfer map onHW. The Viterbo transfer map was first introduced as a map
for symplectic homology in [Vit99], see also [Cie02, McL09]. The analogous map in wrapped
Floer homology was studied by [AS10b], see also [Rit13]. Our focus lies on its compatibility
with the action filtration.
Let M := (YM , ωM , λM) be a Liouville domain and let j : W → M be a codimension 0 exact
embedding of a Liouville domainW := (YW , ωW , λW ) intoM , i.e. j∗λM = λW . Let L0 and L1
be asymptotically conical exact Lagrangians inM , and assume L
′
0 := L0∩W and L
′
1 := L1∩W
are asymptotically conical inW . Additionally assume that L0 is also conical onM \W and L1
satisfies the property
λ|L\L′ vanishes on the boundary ∂(L \ L
′
) = ∂L ∪ ∂L
′
, and
one can write λ|L\L′ = df, where f vanishes near ∂L ∪ ∂L
′
.
(36)
We will call a Lagrangian with this property transfer admissible for the pair (M,W ). See
[AS10b] for a discussion of that condition and why the transfer map can in general not be defined
if one removes this condition.
We give the construction of the Viterbo transfer map as an asymptotical morphism of filtered
directed systems j(L0, L1) : H˜W(M,L0 → L1) → H˜W(W,L
′
0 → L
′
1). More precisely we get
for a > K = K(M,L0 → L1), defined in (25), homomorphisms
j!(L0, L1)a : HW
a(M,L0 → L1)→ HW
a(W,L
′
0 → L
′
1)
that are compatible with the persistence morphisms ιa→b, for K < a < b. Moreover, the homo-
morphisms are functorial with respect to a composition of embeddingsW1 ⊂ W2 ⊂ M and the
induced maps in the direct limit
j¯!(L0) = j¯!(L0, L0) : HW(M,L0)→ HW(W,L
′
0), and
j¯!(L0, L1) : HW(M,L0 → L1)→ HW(W,L
′
0 → L
′
1)
are compatible with the algebra and module structure, i.e.
(37) j¯!(L0)(x ⋆ y) = j¯!(L0)(x) ⋆ j¯!(L0)(y)
and
(38) j¯!(L0, L1)(x ∗ z) = j¯!(L0)(x) ∗ j¯!(L0, L1)(z)
for all x, y ∈ HW(M,L0) and z ∈ HW(M,L0, L1).
We first give the definition of j!(L0, L1). We may assume that (M,L0 → L1) and (W,L
′
0 → L
′
1)
are regular. Otherwise we can perform the construction considering suitable compactly supported
Hamiltonian perturbations of L0 and L1. Let S := S(M,L0 → L1) ∪ S(W,L
′
0 → L
′
1). We
furthermore assume that actuallyW ⊂ Mτ2 for some τ < 1, sufficiently close to 1. One can get
the maps for generalW ⊂ M by an inverse limit.
First of all, for every R > 1 one can construct a compactly supported Hamiltonian isotopy
(ψRt )t∈[0,1] on M̂ , (ψ
R
0 = id, ψ := ψ
R
1 ) that leaves L̂0 invariant and maps L̂1 to a Lagrangian L̂
R
1
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µ
µ
1 R r = rW R r = rM
−ǫ
µ(R− 1)− ǫ
Hstepµ
A∗ A∗∗ B∗∗ B∗ B∗∗
FIGURE 1.
that is conical on (M̂ \MR) ∪ (WR \W ) and that is transfer admissible for the pair (MR,WR)
as follows. Map L1 \ W by the Liouville flow (φlog t)t∈[1,R] into AR = MR \ WR. Since L1
is conical near ∂W , we can extend
(
L
′
1 ∪ φlog t(L1 \W )
)
t∈[1,R]
to a 1-parameter family of ex-
act Lagrangians interpolating between L̂1 and a Lagrangian L̂R1 . Therefore we can choose a
Hamiltonian isotopy (ψRt )t∈[0,1] in M̂ that realizes this Lagrangian isotopy and is supported in
M 1
τ
R \Wτ . Since L̂0 is conical outsideW , we can choose the isotopy to leave L̂0 invariant. We
can choose the isotopy such that (ψ ◦ ζ)∗λ = Rζ∗λ, where ζ : L1 \W →֒ M̂ is the embedding
of L1 restricted to L1 \W . The function
fR : L̂
R
1 → R, with fR(x) =
{
f1(x), if x ∈ L1 = L̂R1 ∩W,
Rf1(ψ
−1x), elsewhere
is a primitive of λ|
L̂R1
.
We now carefully choose for every µ /∈ S sufficiently large a step-shaped Hamiltonian Hstepµ
on M̂ . Let kW := min{f0(x) − f1(x) | x ∈ L0 ∩ L1 ∩W} where fi are the primitives of λ|Li ,
i = 0, 1. Let k˜ = max{−kW , 0}. Let
K˜ = K(M,W,L0 → L1) = max{max{f0(x)− f1(x) | x ∈ L0 ∩ L1 ∩M \W}, 0}.
Choose a small ǫ > 0. Let µ > K˜, µ /∈ S, and let δµ = min{dist (µ,S), µ − K˜}. Choose
R > k˜+µ+4ǫ
δµ
.
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We choose a smooth functionHstepµ : M̂ → R that only depends on the radial coordinate r = rW
in (0, R)× ∂W and only on the radial coordinate r = rM in (τR,∞)× ∂M , and such that
(39) Hstepµ (x) =

−ǫ, if x ∈ Wτ
∂2H
∂r
≥ 0, if x = (r, y) ∈ W \Wτ
µr − µ, if x = (r, y) ∈ WτR \W
∂2H
∂r
≤ 0, if x = (r, y) ∈ WR \WτR
(R − 1)µ− ǫ, if x ∈MτR \WR
∂2H
∂r
≥ 0, if x = (r, y) ∈ MR \MτR
µr − µ, if x = (r, y) ∈ M̂ \MR.
We divide the critical points of the action functional A := AL̂0→L̂
R
1
H
step
µ
of Hstepµ with respect to L̂0
and L̂R0 into four classes: Intersections of L0 and L1 in Wτ denoted by A
∗, Hamiltonian chords
close to ∂W denoted by A∗∗, intersections of L̂0 and L̂R1 inMR \WR denoted byB
∗, and chords
close to ∂WR and ∂MR denoted byB∗∗. We can estimate the action values as follows.
A(x) ≥ kw − ǫ ≥ −k˜ − ǫ, if x ∈ A
∗,(40)
A(x) > −ǫ ≥ −k˜ − ǫ, if x ∈ A∗∗,(41)
A(x) ≤ RK˜ − ((R− 1)µ− ǫ) < −k˜ − 3ǫ, if x ∈ B∗, and(42)
A(x) < (µ− dist (µ,S))R− ((R− 1)µ− ǫ) < −k˜ − 3ǫ, if x ∈ B∗∗.(43)
In (42) we use that f0(x)− fR(x) ≤ K˜R for every x ∈ B∗.
Altogether we get that A(x) ≥ −k˜ − ǫ, if x ∈ A = A∗ ∪ A∗∗ and A(x) < −k˜ − 3ǫ, if x ∈ B =
B∗ ∪B∗∗. Hence there are no Floer trajectories from B to A. So CW(−k˜−2ǫ,+∞)∗ (H
step
µ ; L̂0 →
L̂R1 ) = CW∗(H
step
µ )/CW
(−∞,−k˜−2ǫ)
∗ (H
step
µ ) generated by elements of action larger then −k˜− 2ǫ
is a chain complex, and the projection CW(Hstepµ )→ CW
(−k˜−2ǫ,+∞)(Hstepµ ) induces a map
(44) HW(Hstepµ ; L̂0 → L̂
R
1 )→ HW
(−k˜−2ǫ,+∞)(Hstepµ ; L̂0 → L̂
R
1 )
on homology.
Let now HMµ be a non-degenerate admissible Hamiltonian with respect to M on M̂ with slope
µ, and HWµ a non-degenerate admissible Hamiltonian with respect toW on Ŵ with slope µ. We
have the isomorphisms
HW(HMµ ;L0 → L1)
∼=
→ HW((ψ−1)∗HMµ ; L̂0 → L̂
R
1 )
∼=
→ HW(Hstepµ ; L̂0 → L̂
R
1 ), and(45)
HW(−k˜−2ǫ,+∞)(Hstepµ ; L̂0 → L̂
R
1 )
∼=
→ HW(HWµ ;L
′
0 → L
′
1).(46)
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Here, the second isomorphism in (45) holds, since (ψ−1)∗HMµ and H
step
µ can be connected by a
compactly supported homotopy of Hamiltonians. To get the isomorphism in (46) we choose a
conical almost complex structure near ∂W . By [AS10b, Lemma 7.2], see also [Rit13, Appendix
D] there are no Floer trajectories with asymptotics inW that leaveW and hence the differential
of CW(−k˜−2ǫ,+∞)(Hstepµ , L̂0 → L̂
R
1 ) only counts Floer trajectories that map intoW .
Combining (44), (45), and (46) gives maps
(47) jµ : HW(H
M
µ ;L0 → L1)→ HW(H
W
µ ;L
′
0 → L
′
1)
for any µ > K˜, µ /∈ S. The isomorphisms (44), (45), and (46) are all compatible with Floer
continuation maps induced by monotone increasing homotopies of the corresponding Hamilto-
nians. We do not give the details here and refer the reader to [Rit13, Theorem 9.8]. We thus get
commutative diagrams
HW(HMµ ;L0 → L1)
jµ
−−−→ HW(HWµ ;L
′
0 → L
′
1)
ι
HMµ ,H
M
η
y ιHWµ ,HWη y
HW(HMη ;L0 → L1)
jη
−−−→ HW(HWη ;L
′
0 → L
′
1)
for any η > µ > K˜, µ, η /∈ S.
Hence, for any a > K = K(M,L0 → L1) ≥ K˜ one obtains, because of the construction in
Section 2.2.4, a map
j!(L0, L1)a : HW
a(M,L0 → L1)→ HW
a(W,L
′
0 → L
′
1)
induced in the direct limit taken over all non-degenerate admissible Hamiltonians with slope µ,
K < µ < a. By the construction these maps are compatible with the persistence morphisms
ιa→b, forK < a < b.
By a standard compactness-cobordism argument, and by using once again the non-escaping re-
sult [AS10b, Lemma 7.2] one can show the compatibility of the algebra and module structure
with the Viterbo transfer maps (37) and (38); for this see [Rit13].
3.2. Change of the contact hypersurface ∂M . From the Viterbo transfer one can deduce in-
variance properties of HW under a graphical change of ∂M in M̂ . This will be used to bound
the growth rate of Reeb chords for different choices of contact forms on (∂M, ξM). Let M
be a Liouville domain with asymptotically conical exact Lagrangians L0 and L1 as above, let
0 < ǫ < 1.
Lemma 3.1. Assume that Li, i = 0, 1, are conical onM \Mǫ. Then, for a > K = K(M,L0 →
L1), we have HW
a(Mǫ, L0 ∩Mǫ → L1 ∩Mǫ)
ϕa
∼= HW
1
ǫ
a(M,L0 → L1). Moreover, the Viterbo
mapHWa(M,L0 → L1)→ HW
a(Mǫ, L0∩Mǫ → L1∩Mǫ) composed with ϕa is the persistence
morphism HWa(M,L0 → L1)→ HW
1
ǫ
a(M,L0 → L1).
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Proof: Note, that adding a constant to any Hamiltonian H or applying a compactly supported
deformation toH does not change its Floer homology. LetH be an admissible Hamiltonian with
slope µ with respect toMǫ. ThenH−µ(1ǫ − 1) is an admissible Hamiltonian with slope
1
ǫ
µ with
respect toM . Moreover, if one chooses a cofinal sequence of Hamiltonians of the first kind with
slopes K < µ < a, there are compactly supported homotopies of the shifted Hamiltonians to a
cofinal sequence with respect toM with slopes 1
ǫ
µ. This gives the first statement.
Observe, that both the Viterbo transfer map in the present situation and the persistence mor-
phisms are given by a continuation map induced by a monotone homotopy. One can apply a
usual chain homotopy argument in Floer homology to see the second statement. 
Let f : ∂M → [1,∞) be a smooth function. Recall thatMf = M̂ \ {(r, x) | r > f(x), x ∈ ∂M}.
Let ζ = max∂M f.
Lemma 3.2. The filtered directed systems (HWa(M,L0 → L1))a∈(0,∞) and (HW
a(Mf , L̂0 ∩
Mf → L̂0 ∩Mf))a∈(0,∞) are (ζ, 1)-interleaved.
Proof: The morphisms of filtered directed systems f and g, with fa : HW
a(M,L0 → L1) ∼=
HWζa(Mζ , L0 → L1)→ HW
ζa(Mf , L̂0∩Mf , L̂1∩Mf) and ga : HW
a(Mf , L̂0∩Mf , L̂1∩Mf)→
HWa(M,L0 → L1), given by Viterbo maps, yield by functoriality of Viterbo maps and Lemma
3.1 the (ζ, 1)- interleaving of (HWa(M,L0 → L1))a∈(0,∞) and (HW
a(Mf , L̂0 ∩ Mf → L̂0 ∩
Mf))a∈(0,∞). 
4. FROM ALGEBRAIC GROWTH TO POSITIVITY OF TOPOLOGICAL ENTROPY
In this section we prove Theorem 1.7.
4.1. Legendrian isotopies, transfer admissible Lagrangians and growth. We start by intro-
ducing some notation. LetM = (Y, ω, λ) be a Liouville domain and L be an asymptotically con-
ical exact Lagrangian disk inM . We denote by Λ the Legendrian sphere ∂L. Letting Σ := ∂M
and αM := λ|Σ be the contact form induced byM on Σ we assume that (αM ,Λ→ Λ) is regular.
As usually, we denote by ξM the contact structure kerαM .
Our approach to prove invariance of the exponential symplectic growth of HW differs from the
ones developed by [MS11, McL12]. It makes extensive use of the module and algebra structures
that exist on HW. We will need the following
Definition 4.1. Let µ > 0 and Λ0 be a Legendrian sphere in (Σ, ξM). Assume that Λ1 is Legen-
drian isotopic to Λ0. We say that Λ1 is µ-close to Λ0 in the C3-sense if there exists a Legendrian
isotopy θ : [−1, 1] × Sn−1 → (Σ, ξM) from Λ0 to Λ1 whose C3-norm is < µ, and which is
stationary in the first coordinate outside a compact subset of (−1, 1).
Recall that the symplectisation of a contact form α on (Σ, ξM) is the exact symplectic manifold
((0,+∞) × Σ, drα, rα) where r denotes the first coordinate in (0,+∞) × Σ. The following
lemma is essentially due to Chantraine [Cha10] and is proved in Appendix B.
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Lemma 4.2. Fix a constant ǫ > 0, a contact form α on (Σ, ξ), a Legendrian Λ0 in (Σ, ξ), and a
tubular neighbourhood U(Λ0) of Λ0 in Σ. Then there exists δ > 0 such that if Λ1 is δ-close to Λ0
in the C3-sense, then there exist exact Lagrangian cobordisms L− from Λ1 to Λ0 and L
+ from
Λ0 to Λ1 in the symplectization of α satisfying:
a) L− is conical outside [1− ǫ
2
, 1− ǫ
4
]× Σ,
b) L+ is conical outside [1 + ǫ
4
, 1 + ǫ
2
]× Σ,
c) the projections of L+ and L− to Σ are completely contained in U(Λ0),
d) the primitives f± of (rα)|L± have support in [1 −
ǫ
2
, 1− ǫ
4
]× Σ and [1 + ǫ
4
, 1 + ǫ
2
]× Σ,
respectively, and |f±|C0 < ǫ.
Moreover if L is the exact Lagrangian cylinder obtained by gluing L+ ∩ [1,+∞)×Σ) on top of
L− ∩ ((0, 1]× Σ) we have that
e) L is Hamiltonian isotopic to R × Λ0 in the symplectization of α, and the Hamiltonian
producing the isotopy can be taken to have support in [1− ǫ
2
, 1 + ǫ
2
]× Σ.
We now fix ǫ > 0 such that L is conical on M \ M1−2ǫ. We choose a Legendrian tubular
neighbourhood U(Λ) of Λ on (Σ, ξM). For these choices of ǫ > 0 and U(Λ), we choose δ1 > 0
given by Lemma 4.2.
We then choose a Legendrian sphere Λ1 which is δ1-close to Λ in the C3 sense, is disjoint from
Λ, and satisfies that (αM ,Λ→ Λ1) is regular.
It follows from Lemma 4.2 that there exists an exact Lagrangian cobordism L− from Λ1 to Λ
in the symplectization of αM which is conical outside [1 − ǫ2 , 1 −
ǫ
4
] × Σ. We can then glue
L− ∩ [1 − ǫ
2
, 1] × Σ to L ∩ M1− ǫ
2
to obtain an exact Lagrangian submanifold L1 in M . The
Lagrangian L1 is an exact filling of Λ1. Let fL be the primitive of λ |L which vanishes in Λ.
Using Lemma 4.2 we can glue f− to the restriction of fL to L∩M1− ǫ
2
to obtain primitive of fL1
of λ |L1 which vanishes in Λ1.
Because of the control given by Lemma 4.2 on the function |f−|C0 on L−, and the facts that L
and L1 coincide onM1− ǫ
2
and fL vanishes on L ∩ (M \M1− ǫ
2
) we have
(48) K(M,L→ L1) < ǫ.
By Lemma 4.2 d) the Lagrangian L1 is transfer admissible for the pair (M,M1−ǫ). Combining
this with (48) we obtain for each a > ǫ ≥ K(M,L → L1) a Viterbo map ΨaL− : HW
a(M,L →
L1)→ HW
a(M1−ǫ, L), where to simplify notation we keep denoting by L and L1 the restrictions
of L and L1 to M1−ǫ. Passing to the direct limit we obtain a map ΨL− : HW(M,L → L1) →
HW(M1−ǫ, L).
By Lemma 4.2 we also have an exact Lagrangian cobordism L+ from Λ to Λ1, which is diffeo-
morphic to R×Sn−1, and is conical over Λ for r ≥ 1+ ǫ
2
and conical over Λ1 for r ≤ 1+ ǫ4 . By
gluing L+ ∩ ([1, 1 + ǫ]× Σ) to L1 we obtain an exact Lagrangian L inM1+ǫ. By Lemma 4.2 d)
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the Lagrangian L is transfer admissible for the pair (M1+ǫ,M). By gluing f+ to fL1 we obtain a
primitive fL of λ |L. Reasoning as in the proof of (48) one obtains
(49) K(M1+ǫ, L→ L) < ǫ.
We thus obtain for each a > ǫ a Viterbo mapΨaL+ : HW
a(M1+ǫ, L→ L)→ HW
a(M,L→ L1),
where by abuse of notation we denote by L the conical extension of L to M1+ǫ. Passing to the
direct limit we obtain a map ΨL+ : HW(M1+ǫ, L→ L)→ HW(M,L→ L1).
By Lemma 4.2, L is Hamiltonian isotopic to the conical extension of L to M1+ǫ, which we
will still denote by L, for a Hamiltonian function which vanishes outside M1+ ǫ
2
\ M1− ǫ
2
. A
continuation argument then implies that for each admissible Hamiltonian H that is regular for
both (M1+ǫ, L → L) and (M1+ǫ, L) and has slope > ǫ we have that HW(H,L → L) and
HW(H,L) are isomorphic. By Section 2.2.4 we conclude that for each a > ǫ the wrapped Floer
homologies
(50) HWa(M1+ǫ, L→ L) and HW
a(M1+ǫ, L) are isomorphic.
This induces an isomorphism Φ : HW(M1+ǫ, L)→ HW(M1+ǫ, L→ L).
Since L is conical onM1+ǫ \M1−ǫ,M \M1−ǫ andM1+ǫ \M , we have transfer maps
Ψ±L : HW(M1+ǫ, L)→ HW(M1−ǫ, L),
Ψ−L : HW(M,L)→ HW(M1−ǫ, L),
Ψ+L : HW(M1+ǫ, L)→ HW(M,L).
We notice that the contact forms induced by λ on {1− ǫ} ×Σ and {1 + ǫ} ×Σ are αM
1−ǫ
and αM
1+ǫ
,
respectively. Thus, as explained in Lemma 3.1, the mapsΨ±L , Ψ
−
L andΨ
+
L are induced by asymp-
totic isomorphisms of f.d.s. For this reason we will denote by AL the algebras HW(M1+ǫ, L),
HW(M1−ǫ, L) and HW(M,L). More generally, the same reasoning shows that for any ζ > −ǫ
the algebra HW(M1+ζ , L) is isomorphic to HW(M1−ǫ, L) by an asymptotic isomorphism.
The homologies HW(M,L → L1), HW(M1+ǫ, L → L) and HW(M1−ǫ, L) are modules over
the algebras HW(M,L), HW(M1+ǫ, L) and HW(M1−ǫ, L), respectively: they are therefore AL-
modules. By this discussion and (38) in section 3 the maps Φ, ΨL− and ΨL+ are AL-module
homomorphisms.
By functoriality of continuation maps, the diagram
HW(M1+ǫ, L→ L)
Φ
←−−− HW(M1+ǫ, L)
Ψ
L−
◦Ψ
L+
y Ψ±Ly
HW(M1−ǫ, L)
id
←−−− HW(M1−ǫ, L)
is commutative. It thus follows that the map ΨL− ◦ΨL+ is an AL-module isomorphism. We
thus conclude that ΨL+ is injective. Let 1L be the unit in HW(M1+ǫ, L). As Φ is an AL-module
isomorphism and ΨL+ is an injective AL-module homomorphism we know that the element
28 MARCELO R.R. ALVES AND MATTHIAS MEIWES
mL1 := ΨL+ ◦ Φ(1L) in HW(M,L → L1) is a stretching element. We have thus proved the
following:
Lemma 4.3. The wrapped Floer homologyHW(M,L→ L1) is a stretched module overHW(M,L).
It follows from Lemma 2.9, Lemma 2.19, and Lemma 2.22 that
(51) Γsymp(M,L→ L1) ≥ Γ
symp(M,L).
Recall that our Legendrian sphere Λ1 was chosen disjoint from Λ. It follows that intersections of
the Lagrangian disk L1 and L are contained inM1− ǫ
5
. By a small Hamiltonian isotopy supported
inside M1− ǫ
5
we can perturb L1 to an exact Lagrangian L′1 that is transverse to L. We take the
perturbation to be small enough so that there is a primitive fL′1 of λ |L′1 which vanishes in ∂L
′
1
and satisfies
(52) K(M1, L→ L
′
1) < ǫ.
A continuation argument identical to the one used in the proof of (50) implies that for a > ǫ the
homologies HWa(M,L→ L1) and HW
a(M,L→ L′1) are isomorphic.
We let
(53) Cregium := #(L
′
1 ∩ L).
This number will be useful later for estimates of the growth of the number of Reeb chords.
We now consider a tubular neighbourhood U˜(Λ1) which does not intersect Λ. By Lemma 4.2
there exists δ2 > 0 such that if a Legendrian sphere Λ2 is δ2-close to Λ1 in the C3-sense, then
there exist exact Lagrangian cobordisms L2→1 from Λ2 to Λ1, and L1→2, from Λ1 to Λ2, both
contained in the symplectization of αM . It follows from Lemma 4.2 that by taking δ2 > 0 smaller,
if necessary, we can guarantee that
• L2→1 is conical outside [1− ǫ5 , 1−
ǫ
6
]× Σ,
• L1→2 is conical outside [1 + ǫ6 , 1 +
ǫ
5
]× Σ,
• the projections of L2→1 and L1→2 to Σ are contained in U˜(Λ1),
• there exist primitives f2→1 and f1→2 of rαM |L2→1 and rαM |L1→2 , respectively, with sup-
port in [1− ǫ
5
, 1− ǫ
6
]×Σ and [1+ ǫ
6
, 1+ ǫ
5
]×Σ, respectively, such that |f2→1|C0 < ǫ and
|f1→2| < ǫ,
• the exact Lagrangian L1→1 in the symplectisation of αM obtained by gluing L1→2 ∩
([1,+∞)× Σ) on top of L2→1 ∩ ((0, 1] × Σ) is Hamiltonian isotopic to (0,+∞) × Λ1
for an isotopy which is stationary outside (1− ǫ
5
, 1 + ǫ
5
)× Σ.
It is clear that one can glue f1→2 and f2→1 to obtain a primitive f1→1 of rαM |L1→1 which satisfies
|f1→1| < ǫ.
We then glue L2→1 ∩ ([1− ǫ5 , 1]× Σ) on top of L1 ⊂M1− ǫ5 to obtain an asymptotically conical
exact Lagrangian L2 with L2 ∩ ∂M = Λ2. Let L′2 be the exact Lagrangian submanifold obtained
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from gluing L2→1 ∩ ([1 − ǫ5 , 1] × Σ) on top of L
′
1 ⊂ M1− ǫ5 . It is clear that L
′
2 and L2 are
Hamiltonian isotopic for a Hamiltonian which has support contained inM1− ǫ
6
.
Notice that the intersection points of L′2 ∩ L are the same as the intersection points of L
′
1 ∩ L.
We thus conclude:
(54) #(L′2 ∩ L) = Cregium.
We can glue f2→1 to the restriction of fL1 to L1 ∩M1− ǫ5 to obtain a primitive fL2 of λ |L2 such
that
(55) K(M,L→ L2) < ǫ.
Similarly, one obtains a primitive fL′2 of λ |L′2 such that
(56) K(M,L→ L′2) < ǫ.
Assuming that (αM ,Λ→ Λ2) is regular the Lagrangian L2 is admissible for the pair (M,M1− ǫ
5
).
We then obtain for each a > ǫ a transfer map ΨaL2→1 : HW
a(M,L→ L2)→ HW
a(M1− ǫ
5
, L→
L1). These induce a map ΨL2→1 : HW(M,L→ L2)→ HW(M1− ǫ5 , L→ L1).
By (55) and (56) and the fact that L2 and L′2 are Hamiltonian isotopic for an isotopy supported
insideM1− ǫ
5
, we can apply the reasoning used to prove (50) to show that for each a > ǫ
(57) HWa(M,L→ L2) and HW
a(M,L→ L′2) are isomorphic.
GluingL1→2∩([1, 1+ ǫ5 ]×Σ) on top of L2 ⊂M we obtain an asymptotically conical Lagrangian
L˜1 in M1+ ǫ
5
which is transfer admissible for the pair (M1+ ǫ
5
,M). Reasoning as in the proof of
(48) we obtain that
(58) K(M1+ ǫ
5
, L→ L˜1) < ǫ.
We thus get for each a > ǫ a transfer mapΨaL1→2 : HW
a(M1+ ǫ
5
, L→ L˜1)→ HW
a(M,L→ L2),
and in the direct limit a homomorphismΨL1→2 : HW(M1+ ǫ5 , L→ L˜1)→ HW(M,L→ L2).
We finally glue L+ ∩ ([1 + ǫ
5
, 1 + ǫ]× Σ) on top of L˜1 to obtain an asymptotically conical exact
Lagrangian L˜ onM1+ǫ. The Lagrangian L˜ is an exact filling of Λ. It is clear from Lemma 4.2 that
L˜ is Hamiltonian isotopic to L, for a Hamiltonian which has support contained inM1+ ǫ
2
\M1− ǫ
2
.
Reasoning as in the proof of (48) we obtain a primitive f
L˜
of λ |
L˜
such that
(59) K(M1+ǫ, L→ L˜) < ǫ.
We claim that for every a > ǫ there exists an isomorphism
(60) Ψa
L,L˜
: HWa(M1+ǫ, L)→ HW
a(M1+ǫ, L→ L˜).
30 MARCELO R.R. ALVES AND MATTHIAS MEIWES
L
L1
L2
L˜1
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1− ǫ 1− ǫ
5
1 1 + ǫ
5
1 + ǫ r
FIGURE 2.
To establish this claim we first notice that if H is a Hamiltonian in3 Hreg(M1+ǫ, L → L˜) ∩
Hreg(M1+ǫ, L) it follows from the fact that L˜ is Hamiltonian isotopic to L for a Hamilton-
ian which has support contained in M1+ ǫ
2
\M1− ǫ
2
that there exists a continuation isomorphism
ΨH,L,L˜ : HW(H,L)→ HW(H,L→ L˜). Equation (60) then follows from combining these iso-
morphisms and the identifications HWa(M1+ǫ, L) ∼= lim−→H≺aHW(H ;L) and HW
a(M1+ǫ, L) ∼=
lim−→H≺aHW(H ;L → L˜) for a > ǫ ≥ max{K(M1+ǫ, L → L˜);K(M1+ǫ, L)} which were es-
tablished in (28). The maps Ψa
L,L˜
are compatible with the persistence morphisms of the f.d.s.
H˜W(M1+ǫ, L) and H˜W(M1+ǫ, L → L˜) and induce an asymptotic morphism between them. On
the direct limit we get a map
(61) ΨL,L˜ : HW(M1+ǫ, L)→ HW(M1+ǫ, L→ L˜).
The succession of exact Lagrangian submanifolds we constructed is schematically presented in
Figure 2.
Since L˜ is transfer admissible for (M1+ǫ,M1+ ǫ
5
) we also obtain for each a > ǫ ≥ K(M1+ǫ, L→
L˜) a transfer map ΦaL+ : HW
a(M1+ǫ, L → L˜) → HW
a(M1+ ǫ
5
, L → L˜1). This induces a
homomorphism ΦL+ : HW(M1+ǫ, L→ L˜)→ HW(M1+ ǫ
5
, L→ L˜1).
Analogously, it follows from Lemma 4.2 that L1 is transfer admissible for the pair (M1− ǫ
5
,M1−ǫ),
which gives us for each a > ǫ ≥ K(M,L → L1) ≥ K(M1− ǫ
5
, L → L1) a map ΦaL− :
HWa(M1− ǫ
5
, L → L1) → HW
a(M1−ǫ, L). These homomorphisms induce a homomorphism
ΦL− : HW(M1− ǫ
5
, L→ L1)→ HW(M1−ǫ, L).
The following lemma will be important for the study of the growth rate of HW(M,L→ L2).
Lemma 4.4. For 0 < δ1 and 0 < δ2 chosen as above we have that the spectral number of
Ψ
L,L˜
(1L) is ≤ ǫ.
3By [AS10b, Lemma 8.1] any admissible Hamiltonian in M1+ǫ can be perturbed to one in Hreg(M1+ǫ, L →
L˜) ∩Hreg(M1+ǫ, L).
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Proof: We know from [Rit13] that c(1L) = 0. This implies that for every a ≥ 0 the element 1L
is in the image of ιa : HW
a(M1+ǫ, L)→ HW(M1+ǫ, L).
Let a > ǫ. As remarked above, the maps Ψa
L,L˜
are compatible with the persistence morphisms of
H˜W(M1+ǫ, L) and H˜W(M1+ǫ, L→ L˜), which implies that the diagram
HWa(M1+ǫ, L)
Ψa
L,L˜
−−−→ HWa(M1+ǫ, L→ L˜)
ιa
y ιay
HW(M1+ǫ, L)
Ψ
L,L˜
−−−→ HW(M1+ǫ, L→ L˜)
is commutative. It follows that Ψ
L,L˜
(1L) is in the image of ιa : HW
a(M1+ǫ, L → L˜) →
HW(M1+ǫ, L → L˜), from what we obtain that c(ΨL,L˜(1L)) ≤ a. Since this is true for every
a > ǫ we conclude that c(Ψ
L,L˜
(1L)) ≤ ǫ. 
By our discussion so far we have transfer maps
HW(M1+ǫ, L→ L˜)
Φ
L+−−−→ HW(M1+ ǫ
5
, L→ L˜1)
ΨL1→2−−−−→ HW(M,L→ L2)
ΨL2→1
y
HW(M1−ǫ, L)
Φ
L−←−−− HW(M1− ǫ
5
, L→ L1)
Using the fact that L˜ is Hamiltonian isotopic to L by a Hamiltonian with support contained
in M1+ ǫ
2
\ M1− ǫ
2
and reasoning identically as in the proof of Lemma 4.3 we conclude that
the composition ΦL− ◦ ΨL2→1 ◦ ΨL1→2 ◦ ΦL+ ◦ ΨL,L˜ is induced by an asymptotic isomor-
phism from HW(M1+ǫ, L) to HW(M1−ǫ, L). It follows that ΨL1→2 ◦ ΦL+ : HW(M1+ǫ, L →
L˜) → HW(M,L → L2) is an injective AL-module homomorphism. We define mL2 :=
ΨL1→2 ◦ ΦL+(ΨL,L˜(1L)). The element mL2 ∈ HW(M,L → L2) is stretching since it is the
image of a stretching element by an injective AL-module homomorphism.
By the behaviour of spectral numbers under transfer maps, combined with (59) and Lemma 4.4
we conclude that
(62) c(mL2) ≤ max{c(ΨL,L˜(1L)),K(M1+ǫ, L→ L˜)} ≤ ǫ.
We denote by VαM (Λ1) the set of Legendrian spheres Λ2 in the same Legendrian isotopy class
of Λ1 that are δ2-close to Λ1 is the C3-sense. Let VregαM (Λ1) ⊂ VαM (Λ1) be the subset of these Λ2
for which, in addition, (αM ,Λ → Λ2) is regular. We denote by L2 the filling of Λ2 constructed
above. Our discussion so far implies the following
Proposition 4.5. The family (HW(M,L→ L2))Λ2∈VregαM (Λ1) ofAL-modules is uniformly stretched.
It follows from Lemma 2.12, Lemma 2.19, and Lemma 2.22 that
(63) Γsymp
Λ2∈V
reg
αM
(Λ1)
(M,L→ L2) ≥ Γ
symp(M,L).
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Proof: The proposition follows directly from the fact that the elementmL2 ∈ HW(M,L→ L2)
is stretching and from (62). 
Let α be a contact form on (Σ, ξM). We assume that the function fα defined by α = fααM
satisfies fα ≥ 1. We thus have the inclusionsMfα ⊂ Mmax fα andM ⊂Mfα .
We denote by Vα−regαM (Λ1) ⊂ V
reg
αM
(Λ1) the set of Λ2 ∈ VregαM (Λ1) such that (α,Λ→ Λ2) is regular.
LetW+α :=Mmax fα \Mfα andW
−
α := Mfα \M . Since the Lagrangians L1 and L2 are conical in
Mmax fα \M we obtain for elements Λ2 ∈ V
α−reg
α(Σ,λ)
(Λ1) transfer maps
HW(Mmax fα, L→ L2)
ΦW+,L→L2−−−−−−→ HW(Mfα, L→ L2)
ΦW−,L→L2−−−−−−→ HW(M,L→ L2).
By Lemma 3.2, the composition ΦW−,L→L2 ◦ ΦW+,L→L2 is induced by asymptotic morphisms,
and the f.d.s. H˜W(Mfα , L→ L2) and H˜W(M,L→ L2) are (max fα, 1)- interleaved.
The following proposition then follows from combining this observation and Proposition 4.5.
Proposition 4.6. Let α be a contact form on (Σ, ξM) and assume that the function fα defined by
α = fααM is ≥ 1. Then, the family of f.d.s. (H˜W(Mfα , L→ L2))Λ2∈Vα−regαM (Λ1)
satisfies
(64) Γsymp
Λ2∈V
α−reg
αM
(Λ1)
(Mfα, L→ L2) ≥
Γsymp(M,L)
max fα
.
A reasoning identical to the one used to establish (57) shows that for every Λ2 ∈ Vα−regαM (Λ1) and
for the exact filling L′2 of Λ2 constructed above we have
(65) HWa(Mfα , L→ L2) and HW
a(Mfα , L→ L
′
2) are isomorphic.
Combining this with Proposition 4.6 we have
Corollary 4.7. Let α be a contact form on (Σ, ξM) and assume that the function fα defined by
α = fααM is ≥ 1. Then, the family of f.d.s. (H˜W(Mfα , L→ L
′
2))Λ2∈Vα−regαM (Λ1)
satisfies
(66) Γsymp
Λ2∈V
α−reg
αM
(Λ1)
(Mfα, L→ L
′
2) ≥
Γsymp(M,L)
max fα
.
Recall that for every Λ2 ∈ Vα−regαM (Λ1) the exact filling L
′
2 of Λ2 satisfies
(67) #(L′2 ∩ L) = Cregium.
Now, given a Legendrian Λ2 ∈ Vα−regαM (Λ1) let N
a
α(Λ→ Λ2) = #T
a
Λ→Λ2
(α). We define
(68) Naα(Λ→ V
α−reg
αM
(Λ1)) := inf
Λ2∈V
α−reg
αM
(Λ1)
{Naα(Λ→ Λ2)}.
Let a > ǫ. By the results of Section 2.2.4 there exists a HamiltonianHa ∈ Hreg(Mfα, L → L
′
2)
with slope < a such that
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(p.1) all elements in TL→L′2(H
a) have action < a,
(p.2) there is a bijection between TL→L′2(H
a) and TΛ→Λ2(α) ∪ (L ∩ L
′
2),
(p.3) the map χH
a
→a : HW(H
a, L→ L′2)→ HW
a(Mfα, L→ L
′
2) is isomorphism.
Combining (p.3) and Corollary 4.7 we obtain that
(69) lim sup
a→+∞
log(infΛ2∈Vα−regαM (Λ1)
{dimCW(Ha, L→ L′2)})
a
≥
Γsymp(M,L)
max fα
.
Since #(L ∩ L′2) = Cregium it follows from (p.2) that dim(CW
a(Ha, L → L′2)) − Cregium =
N
a
α(Λ→ Λ2). This together with (69) gives
Corollary 4.8. The sequence of numbers Naα(Λ→ V
α−reg
αM
(Λ1)) satisfies
(70) lim sup
a→+∞
logNaα(Λ→ V
α−reg
αM
(Λ1))
a
≥
Γsymp(M,L)
max fα
.
This corollary will be crucial for the estimate of the topological entropy of φα proved next.
4.2. From the growth of Reeb chords to topological entropy. Let α be a contact form on a
contact manifold (Σ, ξ), and Xα be its Reeb vector field. Recall that a Riemannian metric g on
X is said to be compatible with α if g(Xα, Xα) = 1 andXα is orthogonal to ξ with respect to g.
We proceed by fixing some more notation. We denote by Dn(ρ) the n-dimensional disk of
radius ρ > 0 around the origin. We endow Dn(ρ) with the Euclidean metric, and consider on
T ∗1D
n(ρ) = Dn(ρ) × Sn−1 the contact form αeuc associated to the Euclidean metric. For each
z ∈ Dn(ρ) the sphere Sn−1z := {z}×S
n−1 is Legendrian in (Dn(ρ)×Sn−1, kerαeuc). Let ground
be the metric with constant curvature 1 on Sn−1 and geuc be the Euclidean metric on Dn(ρ). The
metric g˜ = geuc⊕ ground on Dn(ρ)× Sn−1 is compatible with the contact form αeuc; see [Cal05].
Proposition 4.9. Let α be a contact form on (Σ, ξM) and assume that we have Γ
alg
S (Mfα, L) > 0.
Then there exists a Riemannian metric g on (Σ, ξM) adapted to the α, such that
(71) lim sup
t→+∞
log Voln−1g (φ
t
α(Λ))
t
≥
Γsymp(M,L)
max fα
> 0,
where Voln−1g is the (n − 1)-dimensional volume with respect to g, and fα is the function such
that α = fαα(Σ, λ).
Proof: The proof will consist of several steps.
Step 1. It suffices to prove the proposition for all contact forms α for which fα ≥ 1. Indeed
assume that the proposition holds for all such contact forms.
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Take a contact form α′ on (Σ, ξM). For the contact form α̂ := α
′
min fα′
we have fα̂ =
fα′
min fα′
≥ 1.
By assumption there is a Riemannian metric g on Σ compatible with α̂ and such that
(72) lim sup
t→+∞
log Voln−1g (φ
t
α̂(Λ))
t
≥
Γsymp(M,L)
max fα̂
.
The Riemannian metric g′ := (min fα′)2g is compatible with α′. A simple computation shows
that lim supt→+∞
log Voln−1
g′
(φt
α′
(Λ))
t
≥ Γ
symp(M,L)
max fα′
, as claimed. We thus fix from now on a contact
form α on (Σ, ξM) with fα ≥ 1.
Step 2. A tubular neighbourhood of Λ1 and construction of the metric g
It follows from the Legendrian neighbourhood theorem (see [KM97, Proposition 43.18]) that
there exists a tubular neighbourhood V(Λ1) of (Λ1) and a contactomorphismΥ : (V(Λ1), ξM)→
(Dn(ρ)× Sn−1, kerαeuc) that satisfies
Υ∗αeuc = α,(73)
Υ(Λ1) = {0} × S
n−1.(74)
We extend the Riemannian metric Υ∗g˜, which is compatible with α on V(Λ1), to a metric g on
Σ which is compatible with the contact form α.
After shrinking the neighbourhood V(Λ1) and ρ > 0, we can assume that for every z ∈ Dn(ρ) the
LegendrianΛz := Υ−1({z}×Sn−1) is in the neighbourhood VαM (Λ1) constructed in Section 4.1.
Step 3. For each a > 0 we define the map F aΛ : Λ× [0, a]→ Σ by
(75) F aΛ(q, t) = φ
t
α(q).
Let Cylaα(Λ) be the image F
a
Λ(Λ × [0, a]). We want to estimate from below the n-dimensional
volume Volng (Cyl
a
α(Λ)) of Cyl
a
α(Λ) with respect to the Riemannian metric g. For this we define
Baα(Λ) := Υ(Cyl
a
α(Λ) ∩ V(Λ1)). We have
(76) Volng (Cyl
a
α(Λ)) ≥ Vol
n
g (Cyl
a
α(Λ) ∩ V(Λ1)) = Vol
n
g˜ (B
a
α(Λ)).
Let Π : Dn(ρ) × Sn−1 → Dn(ρ) be the projection to the first coordinate. Applying Sard’s
Theorem to the map Π ◦ Υ ◦ F aΛ : ({a} × Λ) ∩ (F
a
Λ)
−1(V(Λ1)) → D
n(ρ) we conclude that the
set Dn(ρ) \ Π ◦ Υ(φaα(Λ)) is an open set of full Lebesgue measure in D
n(ρ). We define the set
Uaα(Λ) ⊂ D
n(ρ) \ Π ◦Υ(φaα(Λ)) by the property
• z ∈ Uaα(Λ) if all α-Reeb chords from Λ to Λ
z with length < a are transverse.
The proof of the next lemma is identical to the one of [Alv17, Lemma 4].
Lemma 4.10. The set Uaα(Λ) is an open subset of D
n(ρ) of full Lebesgue measure. The set
U˜aα(Λ) ⊂ U
a
α(Λ) of elements z ∈ U
a
α(Λ) such that Λ
z ∈ Vα−regαM (Λ1) is a dense subset of full
Lebesgue measure in Uaα(Λ).
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Step 4. A volume estimate
The function ha : Uaα(Λ) → [0,+∞) defined by h
a(z) := #(T aΛ→Λz(α)) is locally constant on
Uaα(Λ) since it is continuous and takes only integer values.
We define Raα(Λ) := Π
−1(Uaα(Λ)) ∩B
a
α(Λ). Since R
a
α(Λ) ⊂ B
a
α(Λ) we have Vol
n
g˜ (B
a
α(Λ)) ≥
Volng˜ (R
a
α(Λ)). As the mapΠ : D
n(ρ)×Sn−1 → Dn(ρ) is a Riemannian submersion we have that
Volng˜ (R
a
α(Λ)) ≥ Vol
n
geuc
(Π(Raα(Λ))), where Vol
n
geuc
(Π(Baα(Λ))) is computed with multiplicities.
If an open set is covered k-times by Π : Raα(Λ)→ U
a
α(Λ), then its volume contributes k-times to
Volngeuc(Π(R
a
α(Λ))).
For each z ∈ Uaα(Λ) the number of timesΠ : R
a
α(Λ)→ U
a
α(Λ) covers z is h
a(z) = #(T aΛ→Λz(α)).
We thus obtain
(77) Volngeuc(Π(R
a
α(Λ))) =
∫
Uaα(Λ)
ha(z) dvolgeuc,
where dvolgeuc is the volume form generated by geuc on D
n(ρ).
Since Γ
symp(M,L)
max fα
> 0, we can fix 0 < η < Γ
symp(M,L)
max fα
. It follows from Corollary 4.8 that there
exists a sequence aj → +∞ such that haj (z) ≥ eηaj for all z ∈ U˜
aj
α (Λ). Since U˜
aj
α (Λ) is dense
in Uajα (Λ) and haj is locally constant on U
aj
α (Λ) we obtain haj (z) ≥ eηaj for all z ∈ U
aj
α (Λ) and
all aj . With (76) it follows that
(78) Volng (Cyl
aj
α (Λ)) ≥
∫
U
aj
α (Λ)
haj (z) dvolgeuc ≥ e
ηaj
piρ2
for every aj .
Step 5. A Fubini type equalityWe define ĝ := (F aΛ)
∗g. Then
(79) Volng (Cyl
a
α(Λ)) =
∫
Λ×[0,a]
dvolĝ,
where dvolĝ is the volume form associated to ĝ. Since the metric g is adapted to the contact form
α the Reeb vector field has length 1 and is orthogonal to the Legendrian spheres F aΛ(t,Λ) =
φtα(Λ) for every t ∈ [0, a]. Letting ∂t be the tangent vector field on [0, a] × Λ associated to
the first coordinate t ∈ [0, a], and using the definition of F aΛ, it follows that D(F
a
Λ)∂t = Xα.
Therefore ∂t has ĝ-norm equal to 1 at every point in [0, a]× Λ, and is orthogonal to the spheres
{t} × Λ. We thus conclude that
(80) Volng (Cyl
a
α(Λ)) =
∫
Λ×[0,a]
dvolĝ =
∫ a
0
Voln−1ĝ ({t} × Λ)dt =
∫ a
0
Voln−1g (φ
t
α(Λ))dt,
where Voln−1ĝ is the (n− 1)-dimensional volume associated to ĝ.
Step 6. End of the proof. To finish the proof we argue by contradiction and assume that
lim supt→+∞
log Voln−1g (φ
t
α(Λ))
t
< η. In this case, there exist a0 > 0 and ε > 0 such that for all
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t ≥ a0 we have Vol
n−1
g (φ
t
α(Λ)) ≤ e
t(η−ε). Integrating both sides of this inequality from 0 to
a ≥ a0 and invoking (80) we obtain
(81) Volng (Cyl
a
α(Λ)) ≤
ea(η−ε) − ea0(η−ε)
η − ε
+
∫ a0
0
Voln−1g (φ
t
α(Λ))dt.
For a large enough the right hand side of (81) is smaller than eηapiρ2, contradicting (78). We thus
conclude that
(82) lim sup
t→+∞
log Voln−1g (φ
t
α(Λ))
t
≥ η.
Since this is valid for any η < Γ
symp(M,L)
max fα
, the proof of the proposition is completed. 
Proof of Theorem 1.7:
From Proposition 4.9 and Yomdin’s theorem (see (1)) it follows that if Γsymp(M,L) > 0, then
for every contact form α on (Σ, ξM) we have
(83) htop(φα) ≥
Γsymp(M,L)
max(fα)
.
We then obtain Theorem 1.7 by combining (83) with the inequality
Γsymp(M,L) ≥
ΓalgS (M,L)
ρ(S)
.
from Lemma 2.21. 
5. ALGEBRAS IN LOOP SPACE HOMOLOGY
Let V be a compact manifold and fix a point q ∈ V . We denote by Ωq(V ) the based loop space
of V with basepoint in q, which is the space of continuous maps from [0, 1] to V that map 0 and
1 to q.
The concatenation of based loops gives Ωq(V ) the structure of an H-space (see [Hat02]). More
precisely, the concatenation induces the so-called Pontrjagin product on the singular homology
H∗(Ωq(V )) of Ωq(V ) with Z2 coefficients. The Pontrjagin product [a1] · [a2] of two homology
classes [a1], [a2] ∈ H∗(Ωq(V ) is well-known to be associative. As it is distributive with respect to
the vector space structure of H∗(Ωq(V )), it makes H∗(Ωq(V )) into a ring. Because the homology
H∗(Ωq(V )) is considered with coefficients in Z2 it actually has the structure of an algebra.
5.1. Relation between the algebra structure of the singular homology of loop spaces and
the algebra structures of the Floer homology of cotangent bundles. Given a manifold V and
q ∈ V we denote by Lq ⊂ T ∗V the cotangent fibre over q. The singular homology H∗(Ωq(V ))
of the based loop space Ωq(V ) is isomorphic to the wrapped Floer homology HW(T ∗V, Lq);
see Viterbo [Vit99], Salamon-Weber [SW06] and Abbondandolo-Schwarz [AS06] for different
proofs.
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The Floer homology HW(Hg, Lq) is isomorphic to the wrapped Floer homology HW(Lq) we
use in this paper. The key point is that the Hamiltonian Hg is quadratic in the fibres. This
isomorphism is proven in [Rit13], and it preserves the triangle product and the spectral value of
homology classes.
LetΨAS,q : H∗(Ωq(V ))→ HW(T ∗V, Lq) be the isomorphism constructed in [AS06]. In [AS10a]
the authors proceed to study more properties of the map ΨAS,q. They show that ΨAS,q is also
algebra isomorphism if we consider H∗(Ωq(V )) as an algebra with the Pontrjagin product and
HW(Hg, Lq) as an algebra with the triangle product. Combining this with the isomorphism
HW(Hg, Lq) ∼= HW(Lq) we obtain the following
Theorem 5.1 (Abbondandolo-Schwarz [AS10a]). The singular homology H∗(Ωq(V )) and the
wrapped Floer homology HW(Lq) are isomorphic as algebras.
For simplicity we will still denote by ΨAS,q the isomorphism between H∗(Ωq(V )) and HW(Lq).
6. TOPOLOGICAL OPERATIONS
6.1. Subcritical surgery. Here we study the Viterbo transfer maps under subcritical handle at-
tachment in the situation that is sufficient for our purpose, that is we assume that the Lagrangians
do not intersect the handle.
Let W = (YW , ω, λ) be a Liouville domain, Σ = ∂W , λ|Σ = α and ξ = kerα. We recall some
notions using the terminology of [Gei08, Section 2.5.2]. The form dα endows ξ with a natural
conformal symplectic bundle structure. Let S be an isotropic submanifold of (Σ, ξ). We write
TS⊥ for the sub-bundle of ξ that is dα-orthogonal to TS. Because S is isotropic TS ⊂ TS⊥.
We can therefore write the normal bundle of S in Σ as
TΣ/TS = TΣ/ξ ⊕ ξ/TS⊥ ⊕ TS⊥/TS.
The conformal symplectic normal bundleCSN(S) = TS⊥/TS has a natural conformal symplec-
tic structure via dα. If S is a sphere, TΣ/ξ ⊕ ξ/TS⊥ has a trivialization. The following theorem
is due to Weinstein.
Theorem 6.1. [Wei91] Let Sn be an isotropic sphere in Σ with a trivialization of CSN(S). Then
there is a Liouville domainM with an exact embeddingW ⊂M , such that ∂M is obtained from
Σ by surgery on S.
The Liouville domain M is obtained by attaching an (n + 1)-handle to W and the Liouville
vector field X can by chosen such that there is exactly one point p ∈M \W where X vanishes.
The integral lines of X that are asymptotic to p intersect Σ in S and ∂M in the co-core sphere
B ⊂ ∂M . (See [Wei91, Cie02] or [Gei08, Chapter 6] for details.)
Let now L
′
0, L
′
1 be two asymptotically conical exact Lagrangians in W whose boundaries Λ
′
0
and Λ
′
1 in Σ do not intersect S. Outside S the integral lines of the Liouville vector field starting
at ∂W intersect ∂M and so the completed Lagrangians L̂′i ⊂ M̂ intersect ∂M . Moreover,
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∂M
1
r = rM
B
∂M \Na
∂Mfa
∂Mfb
∂W \ S
FIGURE 3.
Li = L̂
′
i ∩M ⊂ M for i = 0, 1 are exact and conical in the complement of W . We say that
(M,L0, L1) is obtained by surgery from (W,L
′
0, L
′
1).
As described in section 3 we get a Viterbo transfer map
j!(L0, L1) : H˜W(M,L0 → L1)→ H˜W(W,L
′
0 → L
′
1).
Assume that the isotropic sphere S has the property that there is no Reeb chord from Λ
′
0 to S. If
S is subcritical, i.e. dim(S) < n− 1, this can be achieved by a generic choice of S.
The following proposition was proved by Cieliebak ([Cie02]) for symplectic homology. The
proof in our situation is analogous and even simpler. We give it here for the convenience of the
reader.
Proposition 6.2. The Viterbo transfer map in the direct limit,
j¯!(L0, L1) : HW(M,L0, L1)→ HW(W,L
′
0, L
′
1),
is an isomorphism.
For the proof of Proposition 6.2 it is convenient to introduce the following weaker form of inter-
leaving of f.d.s. Let σ : [0,∞)→ [0,∞) be a monotone increasing function and V a filtered di-
rected system. Analogously to the notation in 2.1.1 let (V (σ), π(σ)) be given by V (σ)t = Vσ(t)t,
π(σ)s→t = πσ(s)s→σ(t)t and π[σ]t = πσ(t)t. If f is a morphism from (V, π) to another f.d.s. we
write f(σ)t = fσ(t)t for the induced morphism with domain (V (σ), π(σ)). Call two f.d.s. (V, πV )
and (W,πW ) weakly interleaved if there are morphisms f : V → W (σ1) and g : W → V (σ2)
for monotone increasing functions σ1, σ2 ≥ 1 such that
f(σ2) ◦ g = πW [σ˜1] and g(σ1) ◦ f = πV [σ˜2],
where σ˜1, and σ˜2 are suitably chosen. The fact that the map j¯!(L0, L1) in Proposition 6.2 is
an isomorphism will follow from a weak interleaving of the corresponding f.d.s., which is in
general not an interleaving. This is the reason why we cannot directly prove lower bounds for
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Γsymp(M,L0 → L1) in terms of Γsymp(W,L
′
0 → L
′
1) and this was originally our motivation to
introduce the algebraic growth of wrapped Floer homology.
Proof of Proposition 6.2: Let U = H˜W(M,L0 → L1), and V = H˜W(W,L
′
0 → L
′
1). We will
construct a filtered directed system Q that is isomorphic to V and weakly interleaved with U .
For convenience we may assume K(M,L0 → L1) = 0. Let S ⊂ ∂W be the attaching sphere
and B ⊂ ∂M be the co-core sphere. For a > 0, choose a tubular neighbourhood Ua ⊂ ∂W of
S such that there is no Reeb trajectory starting at Λ
′
0 that intersects Ua at a time less than a, and
such that Ub ⊂ Ua if a < b. Denote the Liouville flow on M̂ by ϕt and let g : ∂M \ B → (0, 1]
given by g(x) = t where t is the unique number such that ϕlog t(x) ∈ ∂W . Note that g tends to 0
as x tends to B. Define Na := {x ∈ ∂M |ϕlog g(x)(x) ∈ ∂W \ Ua}. Choose a family of smooth
functions fa : ∂M → (0, 1], a ∈ (0,∞), with the property
fa|Na = g, and for all x ∈ ∂M, fa(x) is monotone decreasing in a.
Note that W ⊂ Mfb ⊂ Mfa , for b > a and ∂W \ Ua ⊂ ∂Mfa . Define σ(a) =
1
min∂M fa
.
Define Qa = HW
a(Mfa , L0 → L1), where by abuse of notation we write Li instead of Li ∩
Mfa , i = 0, 1. For a < b define πa→b : Qa → Qb as the composition of the Viterbo map
HWa(Mfa , L0 → L1) → HW
a(Mfb, L0 → L1) and the persistence map HW
a(Mfb, L0 →
L1) → HW
b(Mfb , L0 → L1). By the commutativity of the Viterbo map with persistence
maps and by functoriality of the Viterbo map it follows that πa→c = πb→c ◦ πa→b, for a <
b < c, and hence (Q, π) is a filtered directed system. Furthermore, φ : U → Q, with φa :
HWa(M)→ HWa(Mfa) is a morphism of f.d.s. We define ψ : Q→ U(σ) by the Viterbo trans-
fer HWa(Mfa) → HW
a(Mmin fa) = HW
σ(a)·a(M). It is clear that (φ, ψ) is a weak interleaving
of U and Q.
It remains to show that Q and V are isomorphic. Let a > 0. Assume that L0 and L1 are conical
in the complement of W 1
2
. Let Hµ be an admissible Hamiltonian with slope µ with respect to
W 1
2
. Consider a HamiltonianKµ such that
Kµ(x) =Hµ(x), if x ∈ W 3
4
.(84)
Kµ(x) =Hµ(x), if x = (r, y) ∈ (0,+∞)× ∂W \ Ua.(85)
It follows that Kµ(x) = 2µr + b, for some b ∈ R, where x is written in the coordinates (r, y) ∈
(1,∞)× ∂W \ Ua. Hence we can assume additionally that
Kµ(x) =2µr + b, where x = (r, y) ∈ (1,∞)× ∂Mfa .(86)
By definition of Ua, AHµ and AKµ have the same critical points, and so it follows from [AS10b,
Lemma 7.2] that we actually have HW(Kµ) = HW(Hµ). On the other hand Kµ − 12µ is ad-
missible with respect to Mfa with slope 2µ. One concludes, reasoning as in Lemma 3.1, that
Qa = HW
a(Mfa , L0 → L1)
∼= HW
1
2
a(W 1
2
, L
′
0 → L
′
1) which is, by Lemma 3.1, isomorphic to
HWa(W,L
′
0 → L
′
1) = Va. That this identification respects the persistence morphisms of Q and
V is again deduced from the functoriality of the Viterbo maps and the fact that the Viterbo maps
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are themselves morphisms of filtered directed systems. Denote the isomorphism from Q to V by
τ . We have obtained a weak interleaving (τ ◦ φ, ψ ◦ τ−1). Moreover τ ◦ φ = j! by construction.

6.2. Plumbing. Let Q1 and Q2 be closed orientable n-dimensional manifolds. We let D∗Qi be
the unit cotangent bundle ofQi. We choose balls Bi ⊂ Qi in each Qi. The plumbingN ofD∗Q1
and D∗Q2 is obtained by identifying D∗B1 and D∗B2 via a symplectomorphism that swaps the
momentum and position coordinates of these manifolds; see [AS12, Gei08] for the details. There
are obvious embeddings ofD∗(Q1 \B1) andD∗(Q2 \B2) intoN . It is shown in [AS12, Section
4] that N admits a Liouville structure which coincides with those of D∗(Qi \ Bi) on the image
of these embeddings. This implies that for points q1 ∈ Q1 \B1 the cotangent disc fibre Lq1 over
q1 survives as a conical exact Lagrangian in the Liouville domain N .
This construction can be generalised in the following way. Let {Qi | 1 ≤ i ≤ k} be a finite
collection of orientable n-dimensional manifolds. Let T be a tree with k vertices and use a
bijection to associate to each vertex a manifold Qi. For each edge η leaving the “vertex” Qi we
choose an embedded open ball Bi(η) in Qi. We assume that these balls are chosen to be disjoint
and do not cover Qi. For all i 6= j and every edge η connecting Qi and Qj (there can be at most
one such edge as T is a tree) we identifyD∗(Bi(η)) andD∗(Bj(η)) by the recipe explained in the
previous paragraph. The resulting manifold N can be given a Liouville structure as explained
in [AS12, Section 4] and [Gei08]. Let Q˙1 be the complement of the “edge balls” in Q1, and
q1 ∈ Q˙1. In [AS12, Section 4] the following result is proved.
Theorem 6.3. [AS12] There exists an injective algebra homomorphism from the group algebra
Z2[π1(Q1)] to HW(N,Lq1).
In fact the injective algebra homomorphism obtained in [AS12] is for the respective homologies
with Z coefficients, and applying the Universal Coefficient Theorem one obtains the homomor-
phism mentioned above. Thus if π1(Q1) grows exponentially then HW(N,Lq1) has exponential
algebraic growth; see Section 7.1.
Proof of Proposition 1.5: Part A) follows from Proposition 6.2 and Part B) follows from Theorem
6.3. 
7. CONSTRUCTION OF CONTACT STRUCTURES WITH POSITIVE ENTROPY
In this section we prove Theorem 1.1 and Theorem 1.2.
7.1. Preliminaries. Let Q be a closed connected smooth manifold and g a Riemannian metric
on Q. Let (D∗gQ, λgeo) ⊂ (T
∗Q, λgeo) be the unit disk bundle with respect to the Riemannian
metric g where λgeo is the canonical Liouville form on T ∗Q. By Theorem 5.1 of Abbondandolo
and Schwarz the map
(87) ΨAS,q1 : H∗(Ωq1(Q))→ HW(D
∗
gQ,Lq1)
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is an algebra isomorphism. It is well-known that there is an algebra isomorphism
(88) Φ : Z2[π1(Q, q1)]→ H0(Ωq1(Q)).
Composing these two maps we obtain an injective algebra homomorphism
(89) Φ˜ : Z2[π1(Q, q1)]→ HW(D
∗
gQ,Lq1).
For a finitely generated group G and a finite set σ of generators of G, let Γ̂σ(G) be the usual
exponential growth of the group G with respect to the set σ; see [dlH00, Section VI.C]. To
a finite set σ of generators of π1(Q, q1), we associate the finite set S ⊂ Z2[π1(Q, q1)] that is
formed by the elements of σ and its inverses. It is immediate to see that
(90) Γ̂σ(π1(Q, q1)) = Γ
alg
S (Z2[π1(Q, q1)]).
Using that Φ˜ is injective we obtain
(91) Γ̂σ(π1(Q, q1)) = Γ
alg
S (Z2[π1(Q, q1)]) ≤ Γ
alg
Φ˜(S)
(HW(D∗gQ,Lq1)),
We have shown the following
Lemma 7.1. It π1(Q, q1) has exponential growth then there exists a finite set S ⊂ HW(D
∗
gQ,Lq1)
such that ΓalgS (D
∗
gQ,Lq1) > 0.
7.2. Proof of statement (A) of Theorem 1.1 and statement ♣ of Theorem 1.2.
Proof of statement (A) of Theorem 1.1
Let G be a finitely presented group such that
• H1(G) = H2(G) = 0,
• G has exponential growth,
• G admits a presentation on which the number of relations does not exceed the number of
generators.
Then, it follows from [Ker69], that for every n ≥ 4 there exists a manifold Qn which is an
integral homology sphere and which satisfies π1(Qn) = G. We denote by ̺(G) the minimal
number of generators of G.
We denote by D∗Qn the unit disk bundle of Qn, with respect to a Riemannian metric g in Qn,
endowed with the canonical symplectic and Liouville forms. We choose a point q ∈ Qn and g
generically so that q is not conjugate to itself. Let S∗Qn = ∂D∗Qn be the unit cotangent bundle
of Qn. In order to prove our result we consider two distinct cases.
Case 1: n is odd and ≥ 5.
In this case the Euler characteristic of Qn vanishes. Because G grows exponentially, we know
that HW0(D∗Qn, Lq) has exponential algebraic growth. Let N1 be the plumbing of D∗Qn and
D∗Sn performed far from Lq. By Proposition 1.5, HW0(N1, Lq) has exponential algebraic
growth.
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It is a result of Milnor that the boundary of the plumbing of the unit disk bundles of two odd-
dimensional homology spheres of dimension ≥ 3 is a homology sphere; see [Bre93, Chapter VI
- Section 18]. Applying this to the pair D∗Qn and D∗Sn we conclude that ∂N1 is a homology
sphere. Since N1 retracts to the one point union of Q and Sn we know that the homology of N1
is zero in every degree different from 0 and n, where we haveH0(N1) = Z andHn(N1) = Z⊕Z.
Case 2: n is even and ≥ 4.
In this case the Euler characteristic of Qn is 2. We consider the plumbing associated to the E8
tree; see [Bre93, Chapter VI - Section 18]. To each vertex of the E8 tree we associate a disk
bundle in the following way:
• to the leftmost vertex we associateD∗Qn,
• to every other vertex we associate D∗Sn.
We let N1 be the plumbing associated to the E8 tree determined by this choice of disk bundles
at each vertex, and assume that the plumbing is done away from a cotangent fibre Lq ⊂ D∗Qn .
It was shown by Milnor (see [Bre93, Chapter VI - Section 18] ) that ∂N1 is a homology sphere.
Since N1 retracts to the wedge sum of Q and seven copies of Sn determined by the E8 tree,
we know that the homology of N1 is zero in every degree different from 0 and n, where we
have H0(N1) = Z and Hn(N1) = ⊕8i=1Z. By Proposition 1.5, HW0(N
1, Lq) has exponential
algebraic growth.
We now treat both cases simultaneously. By attaching 2-handles to N1 away from Lq we can
obtain a simply connected Liouville domainN2 such thatHW(N2, Lq) has exponential algebraic
growth. We choose the framing of these handle attachments so that the first Chern class of N2
vanishes.
The effect of the handle attachment on the homology of the boundary can be read from the
surgery formula in [Kos93, Section X.1]. One concludes that the homology of ∂N2 coincides
with that of ∂N1 except in degree 2, and H2(∂N2) is the direct sum of ̺(G) copies of Z.
By Hurewicz’ Theorem there is a basis of H2(∂N2) which is composed of embedded S2. Since
the first Chern class of N2 vanishes, it follows from [McL11, Lemma 2.19] that these S2 can
be made isotropic and disjoint from Lq by an isotopy and that their symplectic normal bundle is
trivial. We can thus perform the Weinstein handle attachment over these spheres. The resulting
Liouville domain N3 still contains the Lagrangian Lq and it follows from Proposition 1.5 that
HW(N3, Lq) has exponential algebraic growth. By the surgery formula in [Kos93, Section X.1],
the effect of these handle attachments on the homology of the boundary implies that H2(∂N3) =
0 and that the homologies of ∂N3 and ∂N2 coincide in all other degrees. Therefore, ∂N3 is a
simply connected homology sphere. It follows fromWhitehead’s Theorem for homology [Hat02,
Corollary 4.33] that ∂N3 also has the homotopy groups of a sphere. Since the dimension of ∂N3
is> 5 the h-cobordism theorem tells us that ∂N3 is homeomorphic to a sphere. Since the smooth
spheres under connected sum form a finite group, we can take the connected sum of finitely many
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copies of ∂N3 to get the sphere ∂N4 with the standard smooth structure such that HW(N4, Lq)
has exponential algebraic growth. This proves statement (A) of Theorem 1.1. 
Proofs of statement ♣ of Theorem 1.2 Let V be a (2n− 1)-dimensional manifold where n ≥ 4,
and assume that there exists an exactly fillable contact structure ξ on V . Denote byMV a Liou-
ville domain whose boundary is (V, ξ). Let N4 be the Liouville domain constructed in the proof
of statement (A) of Theorem 1.1. By Proposition 1.5, the Liouville domain N5 = N4#MV has
an asymptotically conical exact Lagrangian L such that HW(N5, L) has exponential algebraic
growth. The statement then follows from Theorem 1.7. 
7.3. Proof of statement (B) of Theorem 1.1 and statement ♦ of Theorem 1.2.
Proof of statement (B) of Theorem 1.1:
We will consider a carefully chosen 3-manifold Q. Consider the Brieskorn manifolds of di-
mension 3, M(p, q, r) = {(z1, z2, z3) ∈ C3 | z1p + z2q + z3r = 0} ∩ S5. M(p, q, r) is a Z-
homology sphere if p, q, r are relatively prime (see for example [Sav02]). It was shown by Mil-
nor [Mil75] that its fundamental group π1(M(p, q, r)) is the commutator subgroup of the group
G = G(p, q, r) = 〈γ1, γ2, γ3 | γ
p
1 = γ
q
2 = γ
r
3 = γ1γ2γ3〉 , see also [Sea06]. The groups Σ =
G/Z(G) are the triangle groups, where Z(G) is the center ofG. Consider the case p = 2, q = 3,
r = 7. A short computation shows that G(2, 3, 7) = [G(2, 3, 7), G(2, 3, 7)] = π1(M(2, 3, 7)).
One has Γ̂(G(2, 3, 7)) ≥ Γ̂(Σ(2, 3, 7)), and the exponential growth of Σ(2, 3, 7) is log(x),
where x ≈ 1.17628 is equal to Lehmer’s Salem number (see [Hir03] or [Bre14]). We take
Q =M(2, 3, 7). The integral homology ofD∗gQ is the same as that ofQ, which is Z in degrees 0
and 3 and vanishes in all other degrees. Moreover it is clear that π1(S∗Q) = π1(Q×S2) = π1(Q)
is generated by the elements γ1 and γ2.
Let N1 be the Liouville domain obtained by plumbing D∗gQ with the unit disk bundle D
∗S3 of
S3. We assume that the plumbing is performed away from the cotangent fibre Lq over a point
q ∈ Q. Therefore Lq survives as a conical exact Lagrangian in N1. By Proposition 1.5 we know
that HW∗(N1, Lq) has exponential algebraic growth.
SinceN1 is the plumbing ofD∗gQ andD
∗S3, andQ and S3 are both homology spheres we obtain
that ∂N1 is a homology sphere; see [Bre93, Chapter VI - Section 18]. Combining this with the
fact that N1 retracts to the one point union of S3 and Q we conclude that
• H0(N1) = Z, H3(N1) = Z⊕ Z and Hi(N1) = 0 for i 6= 0, 3,
• H0(∂N1) = Z, H5(∂N1) = Z, and Hi(∂N1) = 0 for i 6= 0, 5.
Let now {σ1, σ2, σ3} be generators of π1(∂N1) = π1(Q) corresponding to γ1, γ2 and γ3 respec-
tively. By the h-principle for subcritical isotropic submanifolds of contact manifolds [Gei08] we
can isotope the curve σ3 to a curve σ3 which is isotropic in (S∗gQ, ξgeo). We can also assume that
σ3 does not intersect Λq := ∂Lq . Since σ3 is isotropic and has trivial normal bundle we can apply
the Weinstein handle attachment [Wei91] and attach a 2-handle to N1 over σ3, obtaining a new
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Liouville domainN2. From the presentation of π1(Q) that we used, it is clear that ∂N2 is simply
connected, and so is N2 by [McL11, Lemma 2.9]. We choose the framing of the handle attach-
ment so that ∂N2 is spin. Using the Mayer-Vietoris sequence we obtain that H0(∂N2) = Z,
H2(∂N2) = Z, and H1(∂N2) = 0. By Smale’s classification of spin simply-connected five
manifolds [Sma62] it follows that ∂N2 is S3 × S2.
Since N2 is obtained from N1 via a subcritical handle attachment and the Lagrangian Lq is far
from the attaching locus of this handles, we know that Lq survives as a conical exact Lagrangian
in N2. Moreover Proposition 1.5 implies that HW∗(N2, Lq) has exponential algebraic growth,
and it follows from Theorem 1.7 that the contact manifold ∂N2 has positive entropy. 
Proof of statement ♦ of Theorem 1.2: The statement is proved by a connected sum argument
identical to the one in the proof of statement ♣. 
Remark 7.2. To guarantee the vanishing of the second Stiefel-Whitney class of ∂N2 one must
only guarantee the vanishing of the first Chern class ofN2. As observed in the proof of [McL11,
Lemma 2.10], one can choose the framing when performing the attachments of the 2-handles so
as to guarantee the vanishing of the first Chern class of N2.
APPENDIX
Construction of exact Lagrangian cobordisms. Before proving the Lemma we recall that the
symplectization of the contact form α on (Σ, ξ) can also be given by (R × Σ, esα), where s
denotes the R-coordinate. It is straightforward to see that the diffeomorphism F : ((0,+∞) ×
Σ, rα)→ (R× Σ, esα) given by F(r, p) = (log r, p) is an exact symplectmorphism.
It follows that an exact Lagrangian submanifold L− is conical in ((0,+∞) × Σ, rα) outside
[1 − 2ǫ, 1 − ǫ] × Σ if, and only if, L˜− := F(L−) is conical in (R × Σ, esα) outside [log(1 −
2ǫ), log(1−ǫ)]×Σ. Analogously, an exact Lagrangian submanifold L+ is conical in ((0,+∞)×
Σ, rα) outside [1+ ǫ, 1+2ǫ]×Σ if, and only if, L˜+ := F(L+) is conical in (R×Σ, esα) outside
[log(1 + ǫ), log(1 + 2ǫ)]× Σ.
Proof of Lemma 4.2:
We use the technique presented in [EHK16, Lemma 6.3].
Step 1: We first apply the Legendrian neighbourhood Theorem [KM97, Proposition 43.18] to
find a neighbourhood U˜(Λ0) of the Legendrian of Λ0 such that there exists a strict contactmor-
phism Υ : (U˜(Λ0), α)→ (V (Λ˜0) ⊂ R2n−1, dz +
∑n−1
i=1 xidyi) that satisfies Υ(Λ0) = Λ˜0, where
Λ˜0 is the standard Legendrian unknot in R2n−1 (see [EES05, Example 3.1]) and V (Λ˜0) is a tubu-
lar neighbourhood of Λ˜0 in R2n−1. Given this identification, it suffices to establish the lemma for
the case of Λ˜0 since it will follow if we can establish it for U(Λ0) ⊂ U˜(Λ0).
Step 2: Clearly, it suffices to establish the lemma for all 0 < ǫ < 1
e1000
. We thus fix 0 < ǫ < 1
e1000
and a tubular neighbourhood U(Λ˜0) of Λ˜0. To establish the lemma for Λ˜0 we assume that Λ1 is
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a Legendrian sphere in (R2n−1, αcan = dz +
∑n−1
i=1 xidyi) that is µ-close to Λ˜0 in the C
3-sense,
with µ > 0 so small that
• Λ1 ⊂ U(Λ˜0),
• there exists a Legendrian isotopy θ : [−1, 1] × Sn−1 → R2n−1 which is µ-small in the
C3-topology and satisfies θ({−1} × Sn−1) = Λ˜0 and θ({1} × Sn−1) = Λ1.
Moreover if µ > 0 is chosen sufficiently small we can also assume that
• the isotopy θ is constant in the first coordinate for t /∈ [log(1− 2ǫ), log(1− ǫ)].
Extend θ to R× Sn−1 by θ(t, p) = θ(−1, p) for t ≤ −1 and θ(t, p) = θ(1, p) for t ≥ 1.
We write θ(t, p) = (x(t, p), y(t, p), z(t, p)) for coordinates (x, y, z) ∈ Rn−1 × Rn−1 × R, set
F (t, p) := αcan(∂tθ(t, p)), and define the cylinder Θ : R × Sn−1 → (R × R2n−1, esαcan) in the
symplectization (R× R2n−1, esαcan) of αcan by
(92) Θ(t, p) = (t, x(t, p), y(t, p), z(t, p) + F (t, p)).
It is clear that if µ > 0 is chosen sufficiently small then Θ will be an embedding, since it will be
a small compact perturbation of the embedding (t, x(t, p), y(t, p), z(t, p)). Let Π : R×R2n−1 →
R2n−1 be the projection of the symplectization to the contact manifold.
A direct computation shows that
(93) Θ∗(esαcan) = d(e
tF (t, p)).
Step 3. Step 2 implies that the cylinder L˜− = Θ(R × Sn−1) is an admissible exact Lagrangian
submanifold of (R× R2n−1, esαcan). By taking µ even smaller we can guarantee that
• L˜− is conical over Λ1 in [log(1− ǫ),+∞)× R2n−1 and is conical over Λ˜0 in (0, log(1−
2ǫ)]× R2n−1,
• and the projection of L˜− to R2n−1 is contained in U(Λ˜0).
In order to construct L˜+ we use the inverse isotopy θ+(t, p) = θ(−t, p), and apply the construc-
tion above. We have established statements a), b) and c) of Lemma 4.2.
To conclude d), notice that f− := etF (t, p) has support in [log(1 − 2ǫ), log(1 − ǫ)] × Sn−1 and
if µ > 0 is chosen small enough then f− := etF (t, p) will satisfy |f−|C0 ≤ ǫ since the C0-norm
of F (t, p) will be small. Applying the same argument to L˜+ implies d).
Step 4. Statement e) is obtained by performing this construction for a smooth 1-parameter family
of Legendrian isotopies which starts with the isotopy θ and ends at the stationary isotopy from Λ˜0
to itself. As the construction above depends C∞-smoothly on the parameter we obtain a smooth
1-parameter family of exact Lagrangian embeddingsΨ : R×Sn−1 → (R×R2n−1, esαcan) which
starts at L and ends at R× Λ˜0, and which is constant in (R \ [log(1− 2ǫ), log(1 + 2ǫ)])× Sn−1.
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This is an exact Lagrangian isotopy from L˜ := F(L) to R× Λ˜0 which is constant in (R\ [log(1−
2ǫ), log(1 + 2ǫ)])× Λ˜0. Statement e) then follows from [McL15, Lemma 5.6]. 
REFERENCES
[ACH17] M.R.R. Alves, V. Colin, and K. Honda, Topological entropy for Reeb vector fields in dimension three via
open book decompositions, arXiv preprint arXiv:1705.08134 (2017).
[Alv16a] M.R.R. Alves, Cylindrical contact homology and topological entropy, Geom. Topol. 20 (2016), no. 6,
3519–3569. MR 3590356
[Alv16b] , Positive topological entropy for Reeb flows on 3-dimensional Anosov contact manifolds, J. Mod.
Dyn. 10 (2016), 497–509.
[Alv17] , Legendrian contact homology and topological entropy, Journal of Topology and Analysis (Ac-
cepted for publication - 2017), arXiv:1410.3381.
[AM] M.R.R. Alves and L. Macarini, Contact connected sums and contact manifolds with positive topological
entropy, Work in preparation.
[AS06] A. Abbondandolo and M. Schwarz, On the Floer homology of cotangent bundles, Comm. Pure Appl.
Math. 59 (2006), no. 2, 254–316. MR 2190223
[AS10a] , Floer homology of cotangent bundles and the loop product, Geom. Topol. 14 (2010), no. 3,
1569–1722. MR 2679580
[AS10b] M. Abouzaid and P. Seidel, An open string analogue of Viterbo functoriality, Geom. Topol. 14 (2010),
no. 2, 627 –718.
[AS12] M. Abouzaid and I. Smith, Exact Lagrangians in plumbings, Geom. Funct. Anal. 22 (2012), no. 4, 785–
831.
[Bre93] G.E. Bredon, Topology and geometry, Graduate Texts in Mathematics, vol. 139, Springer-Verlag, New
York, 1993. MR 1224675
[Bre14] E. Breuillard, Diophantine geometry and uniform growth of finite and infinite groups, Proceedings of the
International Congress of Mathematicians, Seoul 2014 3 (2014).
[Cal05] G. Calvaruso, Contact metric geometry of the unit tangent sphere bundle, Complex, contact and symmet-
ric manifolds, Progr. Math., vol. 234, Birkhäuser Boston, Boston, MA, 2005, pp. 41–57. MR 2105140
[Cha10] B. Chantraine, Lagrangian concordance of Legendrian knots, Algebr. Geom. Topol. 10 (2010), no. 1,
63–85. MR 2580429
[Cie02] K. Cieliebak, Handle attaching in symplectic homology and the chord conjecture, J. Eur. Math. Soc. 4
(2002), 115–142.
[Dah17] L. Dahinden, Lower complexity bounds for positive contactomorphisms, Israel Journal of Mathematics
(Accepted for publication - 2017), arXiv:1602.06249.
[DG04] F. Ding and H. Geiges, E8-plumbings and exotic contact structures on spheres, Int. Math. Res. Not.
(2004), no. 71, 3825–3837. MR 2104476
[dlH00] P. de la Harpe, Topics in geometric group theory, Chicago Lectures in Mathematics, University of Chicago
Press, Chicago, IL, 2000. MR 1786869
[EES05] T. Ekholm, J. Etnyre, and M. Sullivan, Non-isotopic Legendrian submanifolds in R2n+1, J. Differential
Geom. 71 (2005), no. 1, 85–128. MR 2191769
[EHK16] T. Ekholm, K. Honda, and T. Kálmán, Legendrian knots and exact Lagrangian cobordisms, J. Eur. Math.
Soc. (JEMS) 18 (2016), no. 11, 2627–2689. MR 3562353
[Eli91] Y. Eliashberg, On symplectic manifolds with some contact properties, J. Differential Geom. 33 (1991),
no. 1, 233–238. MR 1085141
[FS06] U. Frauenfelder and F. Schlenk, Fiberwise volume growth via Lagrangian intersections, J. Symplectic
Geom. 4 (2006), no. 2, 117–148.
[Gei08] H. Geiges, An introduction to contact topology, Cambridge Studies in Advanced Mathematics, vol. 109,
Cambridge University Press, Cambridge, 2008. MR 2397738
DYNAMICALLY EXOTIC CONTACT SPHERES IN DIMENSIONS ≥ 7 47
[Hat02] A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002. MR 1867354
[Hir03] E. Hironaka, Lehmer’s problem, McKay’s correspondence, and 2, 3, 7, Topics in algebraic and noncom-
mutative geometry (Luminy/Annapolis, MD, 2001), Contemp. Math., vol. 324, Amer. Math. Soc., Provi-
dence, RI, 2003, pp. 123–138. MR 1986118
[HK95] B. Hasselblatt and A. Katok, Introduction to the modern theory of dynamical systems, Encyclopedia
of Mathematics and its Applications, vol. 54, Cambridge University Press, Cambridge, 1995, With a
supplementary chapter by Katok and Leonardo Mendoza. MR 1326374
[Hof93] H. Hofer, Pseudoholomorphic curves in symplectizations with applications to the Weinstein conjecture in
dimension three, Invent. Math. 114 (1993), no. 3, 515–563. MR 1244912
[Ker69] M.A. Kervaire, Smooth homology spheres and their fundamental groups, Trans. Amer. Math. Soc. 144
(1969), 67–72. MR 0253347
[KM97] A. Kriegl and P.W. Michor, The convenient setting of global analysis, Mathematical Surveys and Mono-
graphs, vol. 53, American Mathematical Society, Providence, RI, 1997. MR 1471480
[Kos93] A. Kosinski, Differential manifolds, Pure and Applied Mathematics, vol. 138, Academic Press, Inc.,
Boston, MA, 1993. MR 1190010
[McL09] M. McLean, Lefschetz fibrations and symplectic homology, Geom. Topol. 13 (2009), no. 4, 1977 –1944.
[McL11] , Computability and the growth rate of symplectic homology, arXiv:1109.4466 (2011).
[McL12] , The growth rate of symplectic homology and affine varieties, Geom. Funct. Anal. 22 (2012),
no. 2, 369 – 442.
[McL15] , Affine varieties, singularities and the growth rate of wrapped Floer cohomology, arXiv preprint
arXiv:1509.01738 (2015).
[Mil75] J. Milnor, On the 3-dimensional Brieskorn manifoldsM(p, q, r), Knots, groups, and 3-manifolds (Papers
dedicated to the memory of R. H. Fox), Princeton Univ. Press, Princeton, N. J., 1975, pp. 175–225. Ann.
of Math. Studies, No. 84. MR 0418127
[MS11] L. Macarini and F. Schlenk, Positive topological entropy of Reeb flows on spherizations, Math. Proc.
Cambridge Philos. Soc. 151 (2011), no. 1, 103–128.
[Pat99] G.P. Paternain, Geodesic flows, Progress in Mathematics, vol. 180, Birkhäuser Boston, Inc., Boston, MA,
1999. MR 1712465
[PS16] L. Polterovich and E. Shelukhin, Autonomous Hamiltonian flows, Hofer’s geometry and persistence mod-
ules, Selecta Math. 22 (2016), no. 1, 227–296.
[Rit13] A. Ritter, Topological quantum field theory structure on symplectic cohomology, J. of Topology 6 (2013),
no. 2, 391–489.
[Sav02] N. Saveliev, Invariants for homology 3-spheres, Encyclopaedia of Mathematical Sciences, vol. 140,
Springer-Verlag, Berlin, 2002, Low-Dimensional Topology, I. MR 1941324
[Sch] M. Schwarz, Cohomology operations from S1-cobordisms in Floer homology. 1995, PhD diss. Swiss
Federal Institute of Technology, Zurich, Diss. ETH, no. 11182.
[Sea06] J. Seade, On the topology of isolated singularities in analytic spaces, Progress in Mathematics, vol. 241,
Birkhäuser Verlag, Basel, 2006. MR 2186327
[Sma62] S. Smale, On the structure of 5-manifolds, Ann. of Math. (2) 75 (1962), 38–46. MR 0141133
[SW06] D.A. Salamon and J. Weber, Floer homology and the heat flow, Geom. Funct. Anal. 16 (2006), no. 5,
1050–1138. MR 2276534
[Tau07] C.H. Taubes, The Seiberg-Witten equations and the Weinstein conjecture, Geom. Topol. 11 (2007), 2117–
2202. MR 2350473
[Ust99] I. Ustilovsky, Infinitely many contact structures on S4m+1, Int. Math. Res. Not. (1999), no. 14, 781–791.
MR 1704176
[Vit99] C. Viterbo, Functors and computations in Floer homology with applications. I, Geom. Funct. Anal. 9
(1999), no. 5, 985–1033. MR 1726235
[Wei91] A. Weinstein, Contact surgery and symplectic handlebodies, Hokkaido Math. J. 20 (1991), 241–251.
48 MARCELO R.R. ALVES AND MATTHIAS MEIWES
INSTITUT DE MATHÉMATIQUES, UNIVERSITÉ DE NEUCHÂTEL
E-mail address: marcelo.ribeiro@unine.ch
DEPARTMENT OF MATHEMATICS, UNIVERSITÄT HEIDELBERG
E-mail address: mmeiwes@mathi.uni-heidelberg.de
